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Abstract

Using a ω–3ω combination scenario, we investigate the absolute phase control of the spectra effects for ultrashort laser pulses propagating in a
two-level medium. It is found that the higher spectral components can be controlled by the absolute phases. In particular, different absolute phase
combinations can lead to the buildup or split of the even harmonics.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The development of high-intense laser pulses has led to
a number of significant nonlinear optical propagation studies
for the past decade such as Rabi flopping, self-induced trans-
parency (SIT) etc. [1–3]. Common to the description of these
effects is that their propagation phenomena can be beauti-
fully described by using the coupled Maxwell–Bloch equations
within the slowly-varying-envelope approximation (SVEA) and
the rotating-wave approximation (RWA). However, the limita-
tion of SVEA and RWA for the case of few-cycle pulse has
been revealed by Ziolkowski et al. [4,5]. They have found that
the nonlinear behavior is dependent both on the electric field
envelope and on its propagating time-derivative effects. For
the nonperturbative resonant excitation of an intense few-cycle
pulse in a semiconductor, Mücke and coworkers have reported
the different Rabi sideband interference around twice the laser
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center frequency when the Rabi frequency becomes compara-
ble to the light frequency [6]. In addition, a new, novel type
of carrier-wave Rabi flopping, which is caused by the electric
field time-derivative effects, has been theoretically studied by
Hughes [7] and experimentally demonstrated by Mücke et al.
[8,9].

In the past few years, encouraged by the developments in
the engineering of intense ultrashort laser pulses with precisely
reproducible electric and magnetic field [10–12] or of single-
cycle pulse [13], the use of the relative phase difference be-
tween two laser pulses to coherently control excitation in atoms
or molecules has received considerable attention [14–19]. The
dependence of the harmonic generation on the relative phase in
two-color excitation has been investigated numerically [20–22].
The occurrence of even harmonics, which is due to the break-
down of the symmetry of the multiphoton pathway, are reported
in the system driven by a fundamental laser field with its much
weaker even harmonic field [20,22]. In addition, a generalized
RWA has been developed to theoretically describe the relative
phase control of the multiphoton resonant excitations in a two-
level system with two-color laser pulses [17,18,23]. Recently, a
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relative phase-related coherent control technique for four-wave
mixing nonlinear interactions with two-color ω–3ω femtosec-
ond laser pulses has been reported by Serrat [14,15]. The com-
petition or interference between different quantum paths in the
multiphoton transitions proves to be very fruitful for under-
standing the relative phase effects [14,15,18,23,24]. Moreover,
Bouchene has presented a theoretical analysis of the pulse-to-
pulse phase control of dispersion effects for an ultrashort pulse
train propagating in a resonant dense medium [25].

In the coherent control of the extreme nonlinear optics, the
carrier-envelope phase ΦCE (defined as the phase of the opti-
cal carrier with respect to the pulse peak [26]), i.e. the absolute
phase, is a very important factor to be considered. The absolute
phase effects have attracted a great deal of interest in extremely
nonlinear optical processes, such as high-order harmonic gen-
eration [27], photoionization [26,28], photo emission [29], non-
perturbative resonant nonlinear process [6] and carrier-envelope
phase-controlled quantum interference [30] in a semiconduc-
tor, and carrier-envelope phase-sensitive inversion [31,32], etc.
Brown et al. have investigated the absolute phase effects of the
much weaker and longer probe pulse in the pump-probe ex-
citation of dipolar molecules [24,33], where the pump pulse is
tuned close to the transition frequency and requires an ultrashort
duration and/or rise and fall times while the probe carrier fre-
quency is extremely small. They have found that the final state
populations are dependent on the probe field’s absolute phase
but are independent of that of the pump field. The probe laser
absolute phase effect arises through the coherent excitation of
multiple coherent pathways from the initial to the final state
containing one pump photon and a varying number of probe
photons. They argue that the absolute phase effects are negli-
gible for nondipolar systems [24,33]. Gallagher and cowork-
ers have examined the phase dependent multiphoton excitation
of potassium-atom Rydberg states using much weaker radio-
frequency fields which have appreciable rise and fall times [34].
Very recently, we have demonstrated that the absolute phase
of few-cycle laser pulse dramatically changes due to the near
dipole–dipole interactions during propagating in a dense two-
level medium [35].

In this Letter, for the first time to our knowledge, the ef-
fects of absolute phases on the higher spectral components
in the multiphoton excitation of a two-level system with two-
color, intense and ultrashort laser pulses are investigated. By
solving the full Maxwell–Bloch equations beyond the slowly-
varying-envelope approximation and the rotating-wave approx-
imation with an iterative predictor–corrector finite-difference
time domain method (FDTD) [4,36], we find that the ab-
solute phases have a crucially influence on the higher spec-
tral components if the durations of the pulses become com-
parable to the optical period. The yields of higher spectral
components sensitively depend on the absolute phases. Sur-
prising, in the case of zero relative phase, for some special
absolute phases, the even harmonics are significantly built up.
While for some other absolute phases, the even harmonics
split into two parts. Thus strong even harmonic pulses can be
obtained by optimizing the absolute phases. These phenom-
ena can be understood as a result of the local carrier-wave
effect, sideband interference and multiphoton ac Stark effect
[37,38].

This Letter is organized as follows: in Section 2, a theoretical
model for a two-level system interacting with two-color ultra-
short laser pulses is presented. The absolute phase control of the
higher spectral components is studied and discussed in detail in
Section 3. Finally, a summary of our results for this coherent
control is presented in Section 4.

2. Theoretical model

We consider a system shown in Fig. 1, the two-color exci-
tation of a two-level medium can be modelled by means of the
full Maxwell–Bloch equations beyond the standard approxima-
tions SVEA and RWA [1,4]. The equations are written as:

(1a)∂tHy = − 1

μ0
∂zEx,

(1b)∂tEx = − 1

ε0
∂zHy − 1

ε0
∂tPx,

(1c)∂tu = −ω0υ − γ1u,

(1d)∂tυ = ω0u + 2Ωw − γ1υ,

(1e)∂tw = −2Ωυ − γ2(w − w0),

where Ex and Hy are the electric and magnetic fields propagat-
ing along the z direction, respectively. Ω = dEx/h̄ is the Rabi
frequency, d is the electric dipole coupling coefficient, μ0 and
ε0 are the magnetic permeability and electric permittivity of the
free space, γ1 and γ2 are the polarization and population relax-
ation constant, ω0 is the transition frequency of the two-level
medium, N is the density of the polarizable atoms. The macro-
scopic polarization Px = N du connects with the off-diagonal
density matrix element ρab = (u + iυ)/2 and the population
difference w = ρbb − ρaa between the upper and lower states,
which are determined by the Bloch equations, w0 represents the
initial value of the population difference.

We employ an iterative predictor–corrector finite-difference
time-domain method to solve the full Maxwell–Bloch equa-
tions [4,36]. Mur absorbing boundary conditions [36] are incor-
porated with FDTD discretization at the left and right bound-
aries to avoid the influence of the finite space computational

Fig. 1. Schematic representation of a two-level system interacting with
two-color ω–3ω laser pulses.
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domain. The time and space steps 
t and 
z are chosen to
ensure the Courant condition: c
t � 
z. For all of the simula-
tions discussed below, we begin the external field propagating
into the FDTD mesh at the location z0 = 15 µm in the left air
zone with the initial time history

Ex(z0, t)

= E0 sech
[
1.76(t − t0)/τp

]
cos

[
ωL(t − t0) + Φ1

]

(2)+ E0 sech
[
1.76(t − t0)/τp

]
cos

[
3ωL(t − t0) + Φ2

]
,

where ωL is the fundamental pulse frequency. The fundamen-
tal and third harmonic components have the same maximum
amplitude E0, the same duration τp , i.e. the full width at half
maximum (FWHM) of the intensity, and the same delay t0. The
choice of t0 ensures that the field at t = 0 is negligible. The
phases Φ1 and Φ2 are the absolute phases of the fundamental
and third harmonic pulses, respectively. Clearly, the incident
field is equivalent to the case in Ref. [4] but has a different
exciting position. We adopt the following field and material
parameters [16]: ωL = 0.6 fs−1, ω0 = 1.8 fs−1, d = 2.65 eÅ,
N = 2 × 1024 m−3, γ −1

1 = γ −1
2 = 1 ns. The system is ini-

tialized with u = 0, υ = 0 and w0 = −1 at t = 0. The Rabi
frequency Ω0 = 1 fs−1 corresponds to the electric field of
E0 = 2.5 × 109 V/m or an intensity of I = 1.7 × 1012 W/cm2.
For such laser intensity, recent experiments on semiconduc-
tors have demonstrated that a description in terms of two-level
systems has been able to reproduce the experimental results
amazingly well [6,39,40]. Moreover, a few significant works
that have studied this model can also be found in Refs. [4,7,
41]. Very recently, Song et al. have investigated the influence
of ionization on the propagation and spectral effects of a few-
cycle laser pulse in an open two-level system [42]. They found
that the carrier-wave Rabi flopping is still clearly discerned and
the production of higher spectral components is almost no dif-
ferent if the fractional ionization is weak during the interaction.
So, when the laser intensity is of the order of 1012 W/cm2,
the simple two-level system can provide an adequate descrip-
tion despite a little ionization [6]. The pulses initially propa-
gate in the air region, and thereafter inject into the medium at
z = 20 µm. They subsequently propagate through the nonlinear
medium and finally exit into the right air zone at z = 70 µm.
The total simulation region is taken to be 75 µm.

3. Numerical results and discussion

In this section, we present the numerical results in detail
by exactly solving Eqs. (1) and all the higher spectral com-
ponents normalized by the peak of the spectrum of the Rabi
frequency corresponding to the incident field are obtained at
z = 71 µm. Here, we investigate the (NωL

,N3ωL
)-photon com-

bined excitation corresponding to the harmonic frequency ωh =
NωL

ωL + N3ωL
3ωL, where either NωL

or N3ωL
can be pos-

itive or negative integers, or one of them zero. Usually, only
small N (N = |NωL

| + |N3ωL
|) combinations are dominant be-

cause the harmonic outcome of a given frequency decrease very
fast when N increases [18,33]. One example, there are only
two primary combinations (2,1) and (−1,2) contributing to
the fifth harmonic ωh = 5ωL. As the cases in Refs. [18,19,23,
24], during the ω–3ω pulsed laser excitation, the magnitudes
of the higher spectral components depend on the relative phase
Φ = Φ2 −3Φ1 defined in a principal value range from −π to π .

We investigate the absolute phase effects on the higher spec-
tral components in the two-level medium interacting with two-
color ultrashort pulses of various durations and areas. When
the pulses have more than five optical cycles in their en-
velopes, even for relatively large pulse areas, the conversions to
the higher spectral components are determined by the relative
phase Φ due to the quantum interference or competition during
the multiphoton processes [14,15,18,19,23,24] rather than by
the absolute phases Φ1 and Φ2. As an example, for five-cycle
pulses, i.e. τp = 53 fs, even they have pulse areas of 8π , the
magnitudes of the higher spectral components are almost inde-
pendent of the absolute phases. In the case of Φ = 0, the same
higher spectral components are produced for the absolute phase
(Φ1,Φ2) combinations: (0,0) and (π/2,−π/2). Similarly, the
higher spectral components of (0,π) and (π/2,π/2) are identi-
cal since they have the same relative phase Φ = π . In addition,
the magnitudes of the higher spectral components are larger in
the case in phase (Φ = 0). Clearly, the interference between the
two quantum path is constructive when the pulses are in phase,
while it is destructive in the case out of phase (Φ = π ) [14].

Next, we fix the pulse area at 8π and focus on the absolute
phase effects with the decrease of the pulse durations. For three-
cycle pulses, a subtle difference appears in the higher spectral
components for different absolute phases. For shorter pulses,
the individual optical carriers may themselves cause Rabi flop-
ping, i.e. so-called carrier wave Rabi flopping (CWRF) [7]. As
shown in Fig. 2, for two-cycle pulses, the change of the absolute
phases obviously modifies the higher spectral components.
When Φ = 0, the even harmonic components of (π/2,−π/2)

are slightly weaker than those of (0,0) due to the sideband in-
terference. While when Φ = π , in the case of (0,π), the fifth
harmonic is stronger and the seventh harmonic is weaker rel-
ative to the case of (π/2,π/2). As the durations of two pulses
decrease, the absolute phase effects become more and more pre-
dominant. For only single optical cycle (τp = 11 fs) and 8π

pulse area corresponding to the Rabi frequency Ω0 = 1.3 fs−1

or an intensity of I = 2.7 × 1012 W/cm2, the time-derivative
behavior of the local electric field leads to a very strong carrier-
wave reshaping and the individual CWRF has a very profound
effect [7]. The incomplete Rabi flops occur and local CWRF
is considerable. Moreover, the absolute phase-sensitive side-
band interference [6] and ac Stark effect [37,38,43], which is
closely relates to the Rabi frequency, also contribute to the
higher spectral components. As a consequence, the higher spec-
tral components crucially depend upon the absolute phases. As
clearly demonstrated by Fig. 3(a), in the case of (π/2,−π/2),
the even harmonics at 6ωL,8ωL and 10ωL are enhanced by a
factor of 2.7–5.0 relative to the case (0,0). Furthermore, the
harmonic at 12ωL is relative strong for (π/2,−π/2) but van-
ishes for (0,0). So a strong coupling to the even harmonics can
be achieved by optimizing the absolute phases. For absolute
phase combination (0,0), dips appear at the center of the even
harmonics and cause them to split into two parts. The ac Stark
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Fig. 2. Normalized higher spectral components for different relative phases and
absolute phases at z = 71 µm for τp = 21 fs. (a) Φ = 0, (b) Φ = π .

effect accounts for the emergence of the even harmonic spec-
tral components. The enhancement and the dips at the centers
of the even harmonics are attributed to the sideband interfer-
ence. Whereas when Φ = π , the even harmonics are almost
suppressed and only the odd harmonics are produced efficiently.
However, for different absolute phase combinations, the yields
of the odd harmonics not only are different but also exhibit a
regular change. Here we draw a comparison between the com-
binations (0,π) and (π/2,π/2). One can find that the 5th and
9th harmonics in the case of (π/2,π/2) are much stronger than
those of (0,π) while the 7th and 11th harmonics in the former
are weaker (see Fig. 3(b)). These spectral features suggest that
one can realize pre-selected harmonics by proper choosing ab-
solute phase combination. For (π/2,π/2) comparing with the
case of (0,π), except for the substantially changed magnitudes
of the higher spectral components, the centers of gravity of the
harmonics also shift: obvious blueshifts are found at the 5th and
7th harmonics and a tiny redshift at the 9th one appears. These
phenomena mentioned above can be qualitatively interpreted as
Fig. 3. As in Fig. 2 but for Ω0 = 1.3 fs−1 and τp = 11 fs. (a) Φ = 0, (b) Φ = π .

the combination of CWRF, the sideband interference and the ac
Stark effect. For other fixed relative phase Φ but different ab-
solute phase combinations, the absolute phase-sensitive higher
spectral components are also investigated. On the other hand,
the absolute phase effects are limited by the pulse area. For
small pulse area, the relative phase-dependent higher spectral
components are reproduced in agreement with Refs. [14–16]
because the carrier-wave effect and the sideband interference
are negligible.

4. Conclusion

In summary, we have studied the absolute phase effects on
the higher spectral components in the two-color and ultrafast
excitation of the two-level medium by exactly solving the full
Maxwell–Bloch equations. For few-cycle, relatively large area
pulses, it is demonstrated that the absolute phases have an es-
sential influence on the higher spectral components: the out-
comes of harmonics can be controlled by the absolute phases.
Moreover, the centers of gravity of the harmonics shift with the
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absolute phases. More important, for Φ = 0, a significantly en-
hanced even harmonic yield can be achieved through the control
of the absolute phase combination. In contrast, the harmonics
split into two parts for some other absolute phase combina-
tions. Based on these absolute phase-dependent phenomena, a
coherent control scheme can be contemplated to optimize the
ultrafast nonlinear optical spectroscopy techniques.
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