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Quantum transducers are essential for connecting hybrid quantum systems with distinct frequencies, pivotal
for hybrid quantum networks. A deterministic quantum transducer protocol is proposed for the upconversion of
single phonons in the microwave domain to optical photons. Utilizing a hybrid optomechanical crystal coupled
to a three-level emitter, the protocol deterministically upconverts an itinerant phonon into an optical photon,
when an auxiliary optical cavity mode is driven by a single photon. Furthermore, the deterministic upconversion
transducer can also be achieved by driving the emitter with a classical laser pulse, rather than driving the
optical cavity with a single photon. The intracavity photon numbers in both protocols are significantly less than
one during the operation, thus overcoming the problem of parasitic heating within radiation-pressure coupling
of hybrid optomechanical systems. These outstanding features make the protocols particularly useful for the
realization of large-scale distributed hybrid quantum networks.

DOLI: 10.1103/PhysRevA.111.022623

I. INTRODUCTION

Hybrid quantum systems integrate the distinguished fea-
tures of different physical subsystems [1-10], leveraging their
strengths for practical quantum technologies while mitigating
their inherent limitations. Superconducting circuits, operated
in the microwave domain, are a promising system for quantum
computing [11,12]. These circuits have achieved high-fidelity
single- and two-qubit gates, and even error-corrected logical
gates [13-17]. However, connecting two remote supercon-
ducting circuits remains a formidable challenge due to sig-
nificant loss and noise during microwave photon transmission
[18-21]. Quantum transduction, the process of interconvert-
ing quantum states across different physical systems [22-24],
plays a vital role in bridging this gap, especially in hybrid
quantum systems with significant eigenfrequency differences.
The efficient and coherent conversion of microwave photons
to optical photons [25-28] is a critical interface for dis-
tributed hybrid quantum networks [29-32], facilitating the
exchange of quantum states between remotely separated su-
perconducting quantum processors through low-loss optical
fiber channels in room-temperature environments.

Optomechanical resonators utilize engineered mechani-
cal systems strongly coupled to optical or microwave fields
[33—45] and have shown promise in a variety of quantum
applications. Single phonons at gigahertz (GHz) with a speed
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about five orders of magnitude slower than the speed of
photons exhibit wavelengths comparable to optical photons,
and thus feature distinct advantages over photons for on-chip
quantum communications [46—51]. They serve as a promising
alternative to microwave photons for implementing a coherent
quantum bus connecting local artificial qubits within a single
quantum chip [46-51], and have been extensively researched,
such as nonclassical phononic states generation [52-58], un-
conventional spin-phonon interactions [59-66], and efficient
microwave-to-optical transduction [67].

Phonon-to-photon quantum transducers in combination
with photon-to-phonon quantum transducers enable optical
connection of two spatially separated quantum chips for scal-
able quantum networking and distributed quantum computing
[46-51]. Typically, these transducer schemes depended on the
radiation pressure and mechanical backaction [33], with the
strength proportional to the square root of the photon numbers
in the cavity mode pumped by continuous-wave laser probes.
However, for phononic modes in the microwave domain, the
high number of intracavity photons can lead to significant op-
tical absorption heating at sub-Kelvin temperatures [68—71].
Additionally, narrowband filters were necessary to remove
unscattered pump modes [67-70] for the heralded generation
and measurement of a single phonon upon the detection of an
upconverted or a downconverted photon.

A single photon-to-phonon quantum transducer protocol
[72] without radiation-pressure coupling was presented by en-
gineering a hybrid optomechanical crystal and simultaneously
coupling it to a three-level emitter across both photonic and
phononic cavity modes [73]. An itinerant phonon can be de-
terministically generated by directly scattering a single optical
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photon without involving continuous-wave pumping in cavity
modes, which eliminated parasitic heating in photon-to-
phonon quantum transducers. However, the phonon-to-photon
quantum transducer without radiation-pressure coupling re-
mains yet to be demonstrated.

In this article, we introduce two deterministic protocols
for implementing single phonon-to-photon quantum transduc-
ers without radiation-pressure coupling. Utilizing a hybrid
optomechanical resonator that supports both photonic and
phononic cavity modes, coupled to a three-level emitter
[62,72], we achieve deterministic upconversion of an itinerant
phonon into an optical photon, which is resonant with one
optical transition frequency of the emitter when the cavity
mode, resonant with the other optical transition, is probed
by a single photon. Furthermore, we show that the single
phonon-to-photon upconversion can also be achieved by driv-
ing the emitter with a classical laser pulse, instead of driving
the cavity mode with a single photon [33]. In both protocols,
the average intracavity photon number remains well below 1,
and the influence of the optical absorption-induced phonon
bath occupation is negligible [67-70]. Our deterministic sin-
gle phonon-to-photon upconversion protocols, in combination
with efficient photon-to-phonon downconversion protocols
[72], paves the way for the development of large-scale dis-
tributed hybrid quantum networks [47-51].

II. DETERMINISTIC SINGLE PHONON-TO-PHOTON
QUANTUM TRANSDUCER

The implementation of our deterministic single phonon-
to-photon transducer is based on a hybrid optomechanical
resonator with its phononic and optical modes, with resonance
frequencies w, and w,, coupling to two transitions of a three-
level emitter, respectively, shown in Fig. 1. The emitter can
be a single charged quantum dot embedded in an optome-
chanical crystal in a magnetic field directed perpendicularly
to its axis [72]. The transition between two ground states
(J]1) and |2)) of the emitter couples to the phononic cavity
mode a with coupling rate g, and transition frequency ws;.
The optical transition of |1) to the excited state |3) with
frequency ws; couples to the optical cavity mode ¢ with
coupling rate g3;. The semi-infinite phononic and photonic
waveguides exclusively couple to their respective modes of
the optomechanical resonator with coupling rate «»; and «3;
[74]. In the overcoupled regime for both the phononic and op-
tical modes, the dominant resonator losses are channeled into
phononic and photonic waveguides. The intrinsic resonator
losses into nonguided modes can be neglected for simplicity
[68,72]. Meanwhile, the emitter-resonator coupling is in the
bad cavity but high cooperativity regime, with «;; > g;;, vi
and ngj/lcijy,- > 1fori=2,3and j =1,2[72].

A. Type-I quantum transducer: Converting single phonons
to photons by pumping a cavity mode with a single photon

In this section, we show that the deterministic single
phonon-to-photon transducer can be achieved by pumping an
auxiliary cavity mode, nearly resonant with the emitter, by a
single photon. The auxiliary optical cavity mode b with reso-
nance frequency wj, couples to the emitter transition |2) <> |3)
and the photonic waveguide with coupling rates g3 and «3;,
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FIG. 1. Schematic of the single phonon-to-photon quantum
transducer. The transitions (|1) <> |2) and |1) <> |3)) of three-level
emitter couple to the phononic and photonic modes (& and ¢) of the
optomechanical resonator with coupling strengths (g»; and g3;). The
coupling strengths (k,; and k3;) denote the directional decay into
the phononic and photonic waveguides. y, (y3) is the spontaneous
decay rate of the emitter state |2) (|3)). (i) For the phonon-to-photon
quantum transducer with single-photon driving, the auxiliary cavity
mode b is involved and couples to the photonic waveguide with
the input coupling rate k3, and couples to the emitter transition
|2) <> |3) with coupling strength g3,. (ii) For the phonon-to-photon
quantum transducer with a classical pump, a laser pulse nearly in
resonance drives the transition |2) <> |3) of the emitter with the Rabi
frequency €2, and no auxiliary cavity mode b is involved.

respectively. The effective Hamiltonian H.; of the system,
consisting of one emitter, one phononic, and two photonic
cavity modes, can be expressed in the rotating frame as

He = ﬁ(521 - l—>|2>(2| + h<531 - l—>|3>< |

+ i(Ag — ik2))a a4+ R(Ay — ik3)b'h
+ (A —ik31)ETe — [i(hga|2)(1]a
+ hig213)(21b + higai13)(11¢) + H.c.], (1)

where 8,1 = w1 — w, (831 = w31 — w,) is the detuning be-
tween the emitter transition and the cavity mode; A ; = a); —
w; for j = a, b, c is the detuning of the input and output mode
with frequency ) from the respective cavity mode; and y,
(y3) is the spontaneous decay rate of the emitter state |2) (|3))
into other modes out of the optomechanical resonator.

In practice, the dissipative time evolution of the emit-
ter and optomechanical resonator can be separated into an
evolution with such an effective non-Hermitian Hamiltonian
H.i interrupted by random quantum jumps [75-77]. These
quantum jumps correspond in our model to nondirectional
loss of either the photon or phonon out of the composite
system by spontaneous decay of the emitter [78-80]. For
calculating the transmission coefficients [80-83], we focus
on the conditional dynamics described by the non-Hermitian
Hamiltonian A without quantum jumps since the dissipa-
tion results in detectable photon or phonon loss and thus
simultaneous vanishing transmission coefficients for the input
phonon and desired output photon [78-83]. Note that these
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nonzero decay rates present in the transmission coefficients
and lead to a decrease in the sum of the square moduli of the
transmission coefficients, indicating the influence of dissipa-
tion on the conditional dynamics.

We focus on analytically calculating the transmission co-
efficients by considering the dissipative evolution of the
composite system using the Schrodinger equations. These
transmission coefficients can also be calculated using the
Heisenberg picture without dissipation [84]. In that case, the
detunings are replaced with effective detunings that incorpo-
rate spontaneous decays as imaginary values in the resulting
coefficients [80,85].

Suppose the emitter coupled to the optomechanical res-
onator in the frequency resolved limit (i.e., x21, k31, k32 K
ws1), where the coupling between nonresonant frequencies is
assumed to be negligible [33,86]. When an itinerant phonon
is directed to the phononic cavity mode by the phonon waveg-
uide and a single photon pumps the cavity mode b, the
composite system, with the emitter initialized in the state
[1), evolves under the effective non-Hermitian Hamiltonian
H.z;. Its general state can be expanded within the subspace
of interest, instead of a complete subspace, without quantum
jumps as

W) = Cua'b'|0. 1) + Cb'10, 2) + 318710, 1) + G310, 3).

2
Here |@) is the vacuum state of the phononic and photonic
cavity modes. Cy, C3, and Cs; are the excited amplitudes
of the cavity modes &13, l;, and ¢, respectively. Cs denotes the
amplitude of the emitter in the excited state |3) and the cavity
modes in the vacuum state |{).

The dynamics of the composite system is determined by
the Schrodinger equation and the standard input-output rela-
tions [81-83]. We have the specified equations of motion for
the amplitudes

Co1 = 82103 — i(Ay — ik21)Cay — i(Ap — ik32)Cay
+ /2621 B + 232811,

. . % . .
G = —g21Co1 — 1(521 - 132>C32 —i(Ap — ik32)Cx

+ g32C3 4+ 26380,
a1 = —i(A; — ik31)Ca1 + 831G,

: . . V3
G = —l<531 - l?%)CS —831G31 — g32C32, 3)

where BiM (Bi") is the probability amplitude of the input single
phonon (photon) with a suitably long duration and frequency
o), (w},) that is nearly resonant to the cavity resonance mode

(b) [811, and is related to the output amplitude S (B, BU)
as follows:

o = V26101 — By = 1By,
o0 = V263200 — B, = 2B
o = V2K31C31 = 131 B 4

The transmission coefficient t,; (t3,) refers to elastic scattering
for the input phonon (photon), while #3; refers to inelastic

sp

Efficiency n
o
(9]
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FIG. 2. Upconversion efficiency 7, versus normalized detunings
871/ for the type-I quantum transducer. The solid, dashed, and
dashed-doted curves are simulated for I'5; /I'3; >~ 1 and @ = 0, 0.05,
and 0.1, respectively.

scattering and its modulus square represents the upconversion
efficiency of the single phonon-to-photon quantum transducer.

These transmission coefficients can be found by consider-
ing the steady-state solution of the equations of motion, and
thus we have

2[ega1/K21Kk32 + (e/Ka1k32 + K21)Sa]

th = 1, (5

2 iNSs+ &, ©)
2lickzn Ar — g21(/K21K32 + €K32)]

13 = -1, (6

e(iA Sy + &3))

P 2831834/k31(821 (K21 + €. /k32) — ie Jikn ]

31 = ,
G(iASs + &5))

where 8y =81 — iy2/2, 831 =831 — iy3/2, Ay = Ay — ik,
Ay = Ay —iky, Ao = A —ik3), Ay = Ay + Ay, G=g3, —
831Ac, Sq = i A/G+i(Ay +8y), and & = Bl /pin.

To achieve an efficient upconversion quantum transducer,
the input single phonon and single photon are combined into
the desired single photon with the sum frequency of the input
phonon and photon. We assume that the input phonon and
photon satisfy a mode matching condition ¢ = —1, under
which the transmission coefficients t,; =13 = 0 and t3; = 1
can be simultaneously achieved for vanishing detunings and
decays (i.e., 61 =831 = A, =Ap=A,=0and y, = y; =
0). When all detunings vanish and the conditions #,; =3, = 0
are satisfied, the efficiency of the type-I quantum transducer,
Nsi = |t31]?, is simplified to

)

Ny = I'3113
Y s+

where I’z = Zg%2 /k3 and T3 = 2g§1 /k31 represent the
cavity-enhanced effective decay rates of the excited state
13) into the cavity modes b and &, respectively. Note that
a boundary condition I';; < (I's; 4 y3) is implicitly re-
quired to satisfy the conditions #;; = f3, = 0, as detailed in
Appendix A. For a large coupling efficiency with y3 <« I'3)
and balanced cavity-enhanced decay rates I'3; =~ I'3,, a deter-
ministic single phonon-to-photon quantum transducer can be
achieved with near-unity efficiency, as shown in Fig. 2.

®)
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B. Type-1I quantum transducer: Converting single phonons
to photons by driving the emitter with a classical laser pulse

An alternative approach to achieve a deterministic single
phonon-to-photon transducer can be implemented by driving
the emitter with a classical laser pulse, instead of pumping the
auxiliary cavity mode b with a single photon. We assume that
the optomechanical resonator has one phononic mode a and
one photonic mode ¢, as shown in Fig. 1. The optomechan-
ical resonator does not need to support the auxiliary mode
b, and all parameters associated with mode b are vanishing
(i.e., k32 = g3 = 0). A laser pulse at the resonance frequency
w3y drives the transition |2) <> |3) of the emitter with a Rabi
frequency 2.

The effective Hamiltonian of the system consisting of the
phononic mode &, the photonic mode ¢, and the emitter can be
described as [81-83]

Al = 5112) 2] + 83113) 3] + Ajata + Aéfe
Q
- [(3|3><2| +iganl3)(11e + ig21|2><1|&> +H.c},
9)

where all parameters are the same as that defined for the type-I
quantum transducer. A general state of the system, with the
emitter initialized in the state |1) and an input phonon resonant
with the transition |1) <> |2), can thus be expanded within a
subspace without quantum jumps as

W) = C21d"19, 1) + C318710, 1) + G219, 2) + G519, 3),  (10)
where C, (C3) is the amplitude of the emitter in state |2) (|3))
with zero phonon and photon, while Cp; (C3;) denotes the
amplitude of the emitter in state | 1) with one phonon (photon).

The equations of motion for these amplitudes can be speci-
fied by the Schrodinger equation and the standard input-output
relations as

G = §21C — i(Ay — ik21)Cot + /2621 B,
Cs1 = £31C3 — i(A. — ik31)C1,

. . V2 Q2
C, = —il 8 — i G+ IEQ — g21Co,

. : V3 Q2
G =—il 8 — > C+i—C — g31Cs. (11)

2

The output phononic (photonic) amplitude B (B2 is re-
lated to the input phononic amplitude 8;", and we have

o=V 201Co1 — B = 13,8
B = V2k31Ca =15, B,

where #), and #;; refer to the phononic and photonic am-
plitudes of the single-phonon scattering process. Therefore,
ne = |t5,|* denotes the upconversion efficiency of the single
phonon-to-photon quantum transducer.

These amplitudes for the steady-state solution of the equa-
tions of motion with the emitter driven by a classical laser field

12)

are
ik (A + 457,G)

!

ty, = — — — —1, 13

T 4@ G — A (2A, +45,,G) (13)
4iQ NI

f§1 — 1328218314/K21K31 (14)

" 4¢2,G — AJ(QL2A, +45,,G)

When all detunings are zero and the Rabi frequency of the
driving field is Q = /(I'21 — y2)(I'31 + ¥3), we have |t} |2 =
0 and

1 — /Ty
1+ y3/T31’
which leads to a unity efficiency n. >~ 1 for vanishing detun-
ings 8,1 = 831 = A, = Ap = A, = 0 and negligible sponta-
neous decay rates y, /"1 >~ 0 and y3/T'3; >~ 0 [72].

Nei = |t5,* = (15)

III. PERFORMANCE ANALYSIS

So far, we show that the single phonon-to-photon quantum
transducer driven by either a single photon or a classical
laser pulse can be implemented with unity efficiency when all
transitions are resonant and the spontaneous decay rates are
negligible, compared to the cavity-enhanced decay rates. In
this section, we show that our single phonon-to-photon trans-
ducer protocols can be efficiently implemented for practical
parameters.

A. Performance of the type-I quantum transducer

We consider here the influence of the detuning, i.e., §;; and
the spontaneous decay on the performance. The practical ef-
ficiency of the single phonon-to-photon transducer 1, = |£3;]?
can be specified as

1'*2

(I4+a)(T2+43)’
where the auxiliary parameters are I' = k3, (2 + o)/ (1+ &) +
v2/2 + g5,/ (ka1 + k32), @ = y3/Ta1.

The practical efficiencies 7, versus normalized detunings
821 /T for @« =0, 0.05, 0.1 and I'3;/T"'3p ~ 1 are shown in
Fig. 2. The maximal upconversion efficiency ng;™ of the type-
I phonon-to-photon transducer is achieved at the detuning
zero with §1/I" =0, and it decreases for increasing «. In
particular, we have n{®* >~ 1 — 2« for o « 1. For a mediate
loss o = 0.05, the upconversion efficiency 7, > 0.90 can be
achieved within a wide bandwidth of 8,;/T" € (—0.09, 0.09).
For a constant I', the increase of « results in a smaller allow-
able amount of detuning to achieve a threshold upconversion
efficiency, i.e., n,, = 0.5 for implementing high-efficiency
hybrid quantum networks.

Nsp (16)

B. Performance of the type-II quantum transducer

For the type-II quantum transducer driven by a classical
laser pulse, we consider the influence of the detunings, 6,; and
3831, on the upconversion efficiency, assuming §; = §3; = A.
The upconversion efficiency 7. = |t} |> of the type-II trans-
ducer protocol can be specified as

VT =BTy ?
o'Ty T3 —2A%2 +iA[(1+ B)Ta + @' T3]

Nep = 7)
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cp

Efficiency n

Detuning A/T"

FIG. 3. Upconversion efficiency 7., versus normalized detunings
A /T for the type-1I quantum transducer with n = 1.

where the auxiliary parameters are o' =1+ y3/I'31, B =
¥2/T21, and T = (1 + I'31)/2. Therefore, the maximal

upconversion efficiencies 1™ can be specified as

nmaxz 1-8
cp 14+’

which are achieved at vanishing detunings (A = 0).

The upconversion efficiencies 7., as functions of the nor-
malized detuning A/T" for various normalized spontaneous
decays o and B are shown in Fig. 3. The deterministic up-
conversion from a single phonon to the target photon can
be achieved for vanishing detunings with A/TV =0, n =
I'31/T2; = 1, and negligible spontaneous decays. Meanwhile,
the upconversion efficiency 7., > 0.90 can be achieved for
a wide bandwidth of A/T € (—0.08,0.08) for « = 0 and
B = 0.1. Furthermore, 1., = I“3‘1/(4A4 + F§1) for n >~ 1 and
the half-maximum width with 5., > 0.5 is /2T, For the
case of n < 1, nep = n°T3, /(AA* + AT3, + n°T3,), where
the half-maximum width becomes 2I'3;. In contrast, the half-
maximum width is 2I"5; for n > 1.

The influence of spontaneous decays relative to cavity-
enhanced decays, « and B, on the maximal upconversion
efficiency ng,)™ is shown in Fig. 4. In general, 5™ decreases
as either o or B increases. However, the decrease in n;‘})ax is
less pronounced with increasing o compared to increasing
B, indicating that phonon loss has a larger influence on the
maximal conversion efficiency than photon loss. For exam-
ple, when o« = 0.1 and g =0, the maximal upconversion
efficiency is approximately n;;™ =~ 0.91, whereas for o = 0
and g = 0.1, it is 5™ = 0.90. Furthermore, for negligible
spontaneous decays where o < 1 and B < 1, the maximal
upconversion efficiency can be approximated as 7, >~ 1 —
o — 3, which is a linear function of « and 8 and the influence
of photon loss and phonon loss on 7™ becomes equal.

(18)

IV. DISCUSSION AND SUMMARY

We propose two deterministic protocols for the upconver-
sion of single phonons into single photons employing two
different pumping strategies within optomechanical crystals
embedded with a three-level emitter. These upconversion
protocols eliminate the reliance on radiation-pressure cou-

max

a 1
]
=
>
2 08
(]
2
E 0.2

g 0.2 0

FIG. 4. Maximal upconversion efficiency ;™ versus normalized
spontaneous decay rates « and S for the type-II quantum transducer.

All detunings are assumed to be zero and n = 1 is used here.

pling, as observed in the downconversion protocol [72],
thereby facilitating direct phonon to photon upconversion at
the single-phonon level. They operate under an average in-
tracavity photon number substantially below 1, effectively
circumventing thermal influences [67-71]. By adjusting the
coupling rates, the upconversion efficiency can be precisely
controlled, achieving near-optimal efficiency with experimen-
tally achievable parameters [72].

An alternative upconversion protocol can be implemented
by driving the auxiliary optical cavity mode with a classi-
cal pulse instead of driving the emitter transition, as done
in our type-II transducer protocol. In this case, the cavity
photon number in the auxiliary mode is larger than 1, and
the analytical description based on an effective non-Hermitian
Hamiltonian within a subspace is no longer applicable.
Instead, numerical simulations using the full master equa-
tion can be employed to determine the maximal upconversion
efficiency of this protocol [80].

Our type-I quantum transducer uses a single-photon pump-
ing the auxiliary cavity mode, while the type-II quantum
transducer is based on a classical pulse pumping the emitter
rather than the cavity mode [67,68]. Both protocols prove
capable of deterministically transducing single phonons to
single photons, for negligible spontaneous decay rates. For
practical cavity-enhanced decays compared to spontaneous
decays, the upconversion efficiencies of type-I and type-II
quantum transducers larger than 90% can be achieved within
a bandwidth approximately 0.17T and 0.16I"" around the
resonance frequency, respectively. In principle, the type-II
quantum transducer can be generalized to create hybrid en-
tanglement between the phonon and the photon by setting
the detuning at a proper value [87], which directly enables
distributed hybrid quantum networks by storing the phonon
[88] and transmitting the photon to interact with a distant
emitter [30-32].

Currently, embedding three-level quantum dots within pho-
tonic crystals significantly inhibits coupling to the optical
loss mode, enabling « to be minimized [89] and resulting
in negligible spontaneous decays of the emitter. In prac-
tice, even with a moderated enhanced coupling rate to the
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waveguide mode, the variable « remains negligible small
[90,91]. Additionally, modern optomechanical crystals are
capable of concurrently mitigating losses in both optical and
acoustic modes [92,93], facilitating a maximum upconversion
efficiency of approximately unity, thereby endorsing the fea-
sibility of high-efficiency single phonon-to-photon quantum
transducers.

In summary, we proposed two types of deterministic
single phonon-to-photon quantum transducer protocols with-
out radiation-pressure coupling, and showed the feasibility
of deterministic phonon-to-photon conversion. This heralds
potential applications in the integration of phononic and
photonic devices within quantum technologies. Our ap-
proach presented an alternative to standard methods used in
optomechanical resonators for the development of phonon-
to-photon quantum transducers. It thus offers considerable
advantages for single phonon detection, making our proto-
cols particularly beneficial for the high-sensitivity detection
of single phonons and for large-scale distributed quantum
networks.
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APPENDIX A: DERIVATION OF THE STATE AMPLITUDES
AND THE UPCONVERSION EFFICIENCY OF THE TYPE-I
QUANTUM TRANSDUCER

The dynamics of the composite system depicted in Fig. 1
can be described by the Schrodinger equation with the effi-
cient non-Hermitian Hamiltonian ﬁeff [81-83]

.0 N
ih—|W) = Her | W), (AD
ot
when considering the evolution of the composite system
without quantum jumps that collapses the system out of the
considered subspace.

For the type-I quantum transducer, by substituting Egs. (1)
and (2) into Eq. (Al), along with the input-output relations
[81-83], we can derive the dynamical behavior of the ampli-
tudes Gy, Cs,, Cs3;, and Cs, as shown in Eq. (3). By solving
the steady-state solution of Eq. (3), we obtain the following
expressions for these amplitudes:

Cor — e821+v/2k3 + V2(Jka1 + e/k2)Sa i
2 iASs+ &, ka’

(A2a)

Cor — ie Ay/2k30 — V2821 (ka1 + e/K32) i (A2b)
2 ieA Sy + e85, kb
V2831801821 (ka1 + e/kn) — ieJknAd i
G(iASa+ &31) e

(A2¢)

G =

Now, combining with Eq. (4), we obtain the output ampli-
tudes

B = /2161 Coy — B
B {2[8g21\/K21K32 + (evkarks + k21)Sal 1} in
iASI+ 8, “

=1 ,311('21, (A3)

b =/ 2632C30 — B,

_ ) 2ligkn A — g (VKaiks + ek3n)] 1 Lgin
s(iAtSd + g%l) kb

=180, (A4)

out’
e = vV 2k31C31

_ 2gngnrailgan (Vi + e/kzn) —ieJkn A
G(iA S+ &) e

= 131B1a- (AS)
We can thus directly obtain the transmission coefficients
1, t32, and t31, as shown in Egs. (5) to (7).

To achieve the maximal quantum upconversion effi-
ciency for vanishing detunings (i.e., 621 = 831 = A, = Ap =
A, =0) and ¢ = —1, we have A} = —i(ky +k3), G =
&1 Fr3173/2. S = 85,/(&31 /K31 + v3/2) + k2 + v2/2. We
assume t,; = 0 and t3, = 0, which results in the following two
relationships:

¢ = —2lgnkakz + (Vkakzn — k21)Sy], (A6)
¢ = 2[gn (Vkakz — k32) + ikn Al (A7)

where we introduce the auxiliary parameter { = iA]S/, + g3,
for simplicity.

After a straightforward transformation of Eq. (A7), we
arrive at the boundary condition for the cavity-enhanced
spontaneous decays that allows for the maximization of the
upconversion efficiency as follows:

' 21 (1 = \/g) N 2g5, + va(kar + k32)
ys + '3 K21 + K32 2k (ka1 + K32)
-0, (A8)

where '3, < y3 + I'3; holds for practical parameters (i.e.,
K32 > K21, 821 > 0) used in our protocol.

The upconversion efficiency 71, = |t3;]> for our type-I
quantum transducer can be significantly simplified by incor-
porating Eqgs. (A6) and (A7), and then specified as

| 2831852/k31l821 (Va1 — Vi32) + ik A] 2
St — G/é‘

431 (831832)*
Kk32(285, + K31V3)2
I’y
(T3

(A9)
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where we use cavity-enhanced decay rates I'3p = 2g§2 /K32
and I'3; = 2g§1//<31 for simplicity. Therefore, for practical
parameters, the upconversion efficiency ny; of our type-I quan-
tum transducer can only approach unity from the lower side.

APPENDIX B: DERIVATION OF THE STATE AMPLITUDES
AND THE UPCONVERSION EFFICIENCY OF THE TYPE-II
QUANTUM TRANSDUCER

For the type-II quantum transducer, the equations of mo-
tion for the state amplitudes, as shown in Eq. (11), can be
obtained in a similar way by incorporating the input-output
relations into the Schrodinger equation [81-83]. By solving
the steady-state solution, we can obtain the state amplitudes
as follows:

iv221 (451G + Q*A.)

Gy = 0 ,__gin Bl

T4 G — R (43,6 + Q2R (B1)
2iQ Ner .

Cs = 134821831 K21 in (B2)

4¢82,G — A (45,G + QA KT

By combining with Eq. (12), the output amplitudes can be
specified as follows:

Ut — /260 Coy — B

. 2iK21(4821G + QZAC) 1 'Bin
- 4g%1G — Aa(4321G + QzAc) k

=1,8", (B3)
I?m/ = MCM
o 4i2821831/K21K31 ‘Bin
462,G — A, (451G + PR
= l‘é]ﬂ]i(n. (B4)

Therefore, we can directly obtain the transmission coefficients
t5, and t;;, as shown in Eqgs. (13) and (14).

To achieve the maximal quantum upconversion
efficiency for vanishing detunings (i.e., 8y = &3 =
A, = Ay = A. =0), we have the following relationships:
A =—i(ka +k3), G =5 +K31v3/2, S, = 8%,/ (83, /K31 +
13/2) + k32 + v»/2. The transmission coefficient for the
phonon is ;1 = 0, leading directly to the following equation:

0 =4g5,G — (A, + 2iKy )48y, G + Q*AL). (BS)

After a straightforward transformation of Eq. (B5), we have

o »\ (v, T Q?
LA ER | (PRI N B6
<2 2><2+ 2) 4 (BO)

where we use the parameters Iy = 2g%1//<21 and I'z; =
2g3, /31 for simplicity.

The condition for the Rabi frequency €2 of the laser pulse
that allows for the maximization of the upconversion effi-
ciency can thus be specified as follows:

Q= /(T2 — )31 + y3). (B7)

The upconversion efficiency n,; for the type-II quantum trans-
ducer can thus be simplified by incorporating the above
condition for the Rabi frequency €2 as follows:

_ 4i€2821831/K21K31
4g3,G' — A (48},G' + Q2A))
(T =)y

© T(Tar +y3)

_
1 Iy

2
Nei = |t3/1| =

; (B8)

which also can approaches unity for negligible spontaneous
decays, leading to a deterministic upconversion quantum
transducer.
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