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Phonon lasers or coherent amplifications of mechanical oscillations are powerful tools for fundamental studies on coherent acous-
tics and hold potential for diverse applications, ranging from ultrasensitive force sensing to phononic information processing.
Here, we propose the use of an optomechanical resonator coupled to a nonlinear optical resonator for directional phonon lasing.
We find that by pumping the nonlinear optical resonator, directional optical squeezing can occur along the pump direction. As
a result, we can achieve the directional mechanical gain using directional optical squeezing, thereby leading to nonreciprocal
phonon lasing with a well-tunable directional power threshold. Our work proposes a feasible way to build nonreciprocal phonon
lasers with various nonlinear optical media, which are important for a wide range of applications, such as directional acoustic

amplifiers, invisible sound sensing or imaging, and one-way phononic networks.
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1 Introduction

Phonon lasers or coherent amplifications of mechanical os-
cillations have played an essential role in fundamental stud-
ies on coherent acoustics and show potential in applica-
tions ranging from sound imaging or sensing [1-5] to topo-
logical motion control [6] and phononic engineering [7, 8].
In recent years, phonon lasers have been experimentally
achieved in diverse platforms: as trapped ions [9, 10], cold
atoms [11], optical tweezers [12, 13], and cavity optome-
chanical (COM) systems [14-19], to name a few [20-25]. In
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particular, COM devices [26], which are suitable for inte-
gration into chip scales, have been used to realize different
phonon laser types [27-35], such as exceptional-point [27-
29], phase-modulated [30, 31], and vector [32, 33] phonon
lasers.

Recently, nonreciprocal phononic devices, featuring di-
rectional phonon flow, were explored and utilized for chi-
ral phonon transport or cooling [36-38], phonon isola-
tion [39-44], one-way mechanical networks [45-51], and
backscattering-immune acoustic sensing or imaging [52,53].
In these studies, nonreciprocal acoustic or optical control
has been achieved by incorporating nonlinear media [40-45],
circulating fluids [39], macroscopic metamaterials [46-49],
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space-time modulation [54, 55], optomechanical interac-
tion [56-62], and complex synthetic structures [51]. In par-
ticular, nonreciprocal phonon lasers were proposed using the
relativistic Sagnac effect in a spinning COM device or mag-
nomechanical system [63, 64], enabling the highly asym-
metric operation of phonon lasers. However, in these stud-
ies [63, 64], high-speed rotation of resonators is required;
hence, they need to strongly rely on stable couplings be-
tween spinning devices and flying fibers. Therefore, a new
approach that is free of any spinning component and is easily
tunable optically is highly desired.

In a very recent study, directional quantum squeezing was
proposed to achieve an optical diode or circulator [65], open-
ing up an attractive route for preparing nonreciprocal de-
vices via harnessing various quantum resources. We note
that the advantages of quantum squeezing, e.g., a consid-
erable amplification of light-motion interactions or coher-
ent coupling of hybrid quantum systems, have also been
confirmed [66-85]. Based on one-way squeezing, nonre-
ciprocal photonic or magnonic devices have also been ex-
plored [86-89]. Inspired by these pioneering works, here,
we study the use of directional optical squeezing to achieve
a nonreciprocal phonon laser in a compound COM sys-
tem. We find that asymmetric coupling of resonators can
be achieved by unidirectionally driving the nonlinear optical
resonator, resulting in nonreciprocal mechanical gains and
a well-tunable direction-dependent threshold of phonon las-
ing. Furthermore, we find that in such nonreciprocal devices,
the mechanical gain exhibits squeezing-enhanced robustness
against optical decays. Our scheme, requiring only two-
mode optical frequency matching and free of any spinning
device, has potential to be realized under current experimen-
tal conditions and thus can be utilized for applications such
as nonreciprocal force sensing and chiral acoustic informa-
tion processing or networking [36,37].

2 Theoretical model

As shown in Figure 1, we consider a compound COM system
comprising two coupled whispering-gallery-mode (WGM)
microtoroid resonators and two nearby optical waveguides.
The resonator R| with resonance frequency w, and decay rate
k1 supports a mechanical breathing mode (with frequency
wy, and effective mass m) and is driven by a driving field
of frequency w; from port 1 (or port 2) corresponding to the
forward-input case (or backward-input case). The other res-
onator R, with resonance frequency w, and decay rate «; is
manufactured using high-quality thin film with y® nonlin-
earity [90-101]. Thus, the resonator supports the parametric
amplification process [66] and is pumped from port 3 via a
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Figure 1 (Color online) Operating a nonreciprocal phonon laser with direc-
tional squeezing. A strong pump with frequency w, and strength A, coming
from port 3, causes the counterclockwise (CCW) mode to be squeezed, i.e.,
a) s — ag o, in the nonlinear optical resonator Ry. (a) The input laser
with frequency w; driven by port 1 excites the clockwise mode a; ¢, in Ry,
which is coupled to a squeezed mode a, ;y in Ry with effective strength J;
meanwhile, in (b), when driven from port 2, the input laser excites the CCW
mode a; ¢ in Ry, which is coupled to a unsqueezed mode ay ¢, in Ry with
strength Jy. (c) The nonlinear parametric process: a pump photon with fre-
quency w;, and wavenumber k, can be down-converted into two photons
with the same frequency w, and wavenumber k, due to the y® nonlinearity
under the phase-matching condition. (d) The energy-level diagram shows
the mechanism of a two-level phonon laser, i.e., stimulated phonon emis-
sions under the population inversion condition (for the optical supermodes
wy). (e) Comparison of direction-dependent key symbols in forward-input
and backward-input cases. Here, r is the squeezing parameter.

continuous coherent laser field with frequency w,, strength
A, and phase 6.

As shown in Figure 1(c), because of the directional
phase-matching condition in the parametric nonlinear pro-
cess [65,98], i.e., the conservation of energy and momentum
(wp = 2wy, Ak = 0), the counterclockwise (CCW) mode a; ¢
is squeezed to a mode a, 5, while the clockwise (CW) mode
ap, is unsqueezed [65, 86, 87, 89]. For the forward-input
case, in a frame rotating at frequency wj, the total Hamil-
tonian of this system can be written at the simplest level as
follows:

H=- A;a?oalyo - Ala;’oaz,g + w,b'b

i i i
+Jolay a0 + Cl;,um,w) - gxoa, ,a1,0(b +b")
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where a; ¢, (a?o), a0 (a;Q), and b (b") are the annihilation
(creation) operators of the CW mode in R;, CCW mode in
R, and mechanical mode in R, respectively. A; = w; — w,,
Jo (or g = w,/ry) denotes the coupling strength between res-
onators (or the COM coupling strength), xo = Vi/2mw,,,
and ry is the radius of the COM resonator. & = 2k Py, /ficw;
is the driving strength with input power Pj,. To diagonalize
H, we define the squeezed operator a, ; via the Bogoliubov
transformation [66, 68], as follows:

as.o = cosh(raz o + e 10 sinh(r)a; O 2)

with the squeezing parameter » = (1/4) In[(A;—A)/(A;+ A)],
which requires |A;| > |A] to avoid system instability. Subse-
quently, applying the rotating-wave approximation (refer to
Appendix for more details), the Hamiltonian of the system
becomes

H = - Aza?om,o - Asaioas,u + Js(a];’oas,u + az’oal,o)
+ wnb'b — gxoal (aro(b +b) +islal - aro), (3)

where

Ay = (A + A)exp(2r), Jg = Jycosh(r). “)

The effective squeezed mode detuning A; and effective cou-
pling rate J; are modulated by the squeezing strength A under
the condition of ensuring system stability (e.g., |A;] > |A]).
For the backward-input case, the Hamiltonian of the system
can be written as follows:

Hy, = - Alai’oal,g - Aza;’bal() + Jo(a};’oazqo + a;UaLQ)
+w,b'b - gxoa?oal,o(b +b") +iea , - aro). ()

The comparison of Hamiltonians H; and H;, shows that their
detuning and coupling strengths are completely different due
to the directional squeezing effect.

Below, we show that for our COM system, this direc-
tional squeezing effect leads to distinct changes in the radi-
ation pressure in the mechanical mode, thereby resulting in
a nonreciprocal phonon lasing action. Subsequently, for the
forward-input case, the steady-state solutions can be obtained
as follows (refer to Appendix for more details):

S gi(ky —1Ay)
YO 1A — igxy)(ka — 1Ay + T2
) (6)
Jsar o 8xslay ol
A0 = T = . )
Ag + 1Ko Wy — 1Ym

where v,, is the damping rate of the mechanical mode. In
our calculations, for the backward-input case, we need to re-
place 1,0, @50, Js, and A; with 1,0, a0, Jo, and A, re-
spectively. x; = xo (8 + ) is the steady-state mechanical
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displacement and is proportional to

ngla ol
m(w +v2)

(7

To determine the influence of the squeezing effect on the
radiation pressure of the mechanical mode, we define the me-
chanical displacement amplification factor as follows:

_%(A#£0)

“LA=0) ®

where x;(A # 0) (x4(A = 0)) is the displacement corre-
sponding to the forward-input case (backward-input case).
Clearly, besides the driving field g;, the squeezing strength
A affects the mechanical displacement values x,;. For the
forward-input case, the effective coupling rate J; and ef-
fective squeezed mode detuning A can be adjusted using
the squeezing strength A. Figure 2 shows the mechanical
displacement amplification factor 1 as a function of opti-
cal detuning A; and squeezing strength A. The mechani-
cal displacement amplification factor can be adjusted due
to the squeezing effect; that is, the steady-state mechani-
cal displacement x; can be enhanced for the forward-input
case. The amplified displacement indicates an enhancement
in phonon generation [63, 64].

We now show that the nonreciprocal phonon lasing action
can be achieved in our COM system. For the forward-input
case, using the following supermode operator [14-16]:

as = (a0 + ag0)/ V2, 9)

the Hamiltonian of eq. (3) can be written as follows:

+ A
H = w+a1a+ +w_ala_ + E(aia, + aiaJr)
X -
+ w,b'b - %(a;a,b + bTaiaJr)
iSl
V2

after applying the rotating-wave approximation [14, 63, 64]
with effective mode frequencies:

+—[(a! +d") - (ay +a)], (10)

we =—(As+A)/2 £ U, an

and A = A; — A;. For the backward-input case, A = 0
and J; = Jp. We note that compared with the traditional
phonon laser system (absorption and emission of phonons
are described using the fourth term) [14-16], eq. (10) con-
tains an additional detuning term (third term), indicating that
in the case of forward-input, the coupling between optical
supermodes depends on the directional optical squeezing.
Thus, the phonon lasing process can be dramatically mod-
ified. Usually, supermode operators are defined as a. =
(ar,u xas0)/ V2 for coupled cavities with the same resonant
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Figure 2 (Color online) (a) Mechanical displacement amplification factor n
as a function of optical detuning A; for different values of squeezing strength
A. (b) n versus A; and A with experimentally accessible parameter values
]o/a)m =0.5and Pin =10 }iW.

frequency [14, 15, 63, 64, 89]. As mentioned earlier, the
squeezing strength A induces some changes in our system,
such as the effective squeezed mode detuning A; and effec-
tive coupling rate J;. According to ref. [65], J; is enhanced
exponentially relative to Jy with increasing A. However, in
our study, to ensure that the transformation can be simpli-
fied safely, we do not consider the system to achieve strong
coupling as we use the operators derived from eq. (3) to eq.
(10). Hence, the maximum squeezing strength value is 0.3w,,
in this study. For A/w,, < 0.3, we confirm that the detun-
ing A = Ay — A; and enhanced coupling rate AJ = J; — Jy
are much smaller than A; and Jj, respectively. For example,
when A/w,, = 0.3, the detuning A/w,, is approximately 0.1,
and the enhanced coupling rate J;/Jy is approximately 1.05,
indicating that our calculations are reasonable and valid.

Using the ladder and population inversion operators of the
optical supermodes and following [14, 15]:

p= a'I_'a+, on = aia+ - aT_a_, (12)

the motion equations of the system become

b == (Ym +iw,)b + lg%l%
(13)

. . i &l +
=—2ko +1J5)p + = (A — gxob)on + —(a; + al),
p (ko +1J5)p + (A = gxob)on \/z(a+ al)

where ky = (k1 + k2)/2. Following the standard procedures
(more details in Appendix A2), the mechanical gain G can be
obtained as follows:

g2ngQ5l’l
2120 — wpm)?* + 8/<(2)
£18°x5(wm = 2J)(As + Ao
(427, — wa)? + 16| [D2 + (A + A2E]

G=G0+g=

(14)

June (2024) Vol. 67 No. 6 260312-4

with
[g*x515 — 28%0ARe(b)]
4 b
812 [2J5A5 — kogxolm(b) — JygxoRe(b)]
D2 + kXA + Ay)?

D=J2+id - AN+
(15)

deltan =

)

where n;, = b'b is the phonon number. We note that the first
term Gy in eq. (14) is proportional to the population inver-
sion dn, and on depends on A, which is quite different from
the conventional phonon laser system without the directional
quantum squeezing effect. Additionally, the second term G in
eq. (14) depends on Ay, indicating that different mechanical
gains can be obtained for the forward-input and backward-
input cases, which enables achieving a nonreciprocal phonon
laser.

3 Nonreciprocal phonon laser

In numerical simulations, to demonstrate that the observa-
tion of the phonon lasing process is within the current ex-
perimental reach, we select experimentally feasible param-
eters [14], i.e., w,/2m = 30.7 THz, the optical quality fac-
tors Oy = 9.7 x 107 and Q, = 4 x 107, K12 = Wq/012,
2r; = 66 um, 2r, = 69 um, w,,/27 = 23.4 MHz, m = 50 ng,
Ym = 0.24MHz, and A/w,, = 0.3; thus, A/w,, ~ 0.1 and
Js/Jo ~ 1.05.

In Figure 3(a), the calculated mechanical gain G is plotted
as a function of the optical detuning A; and coupling strength
Jo for the forward-input case. Notably, for A/w,, = 0.3,
the mechanical gain G/y,, > 1 can be obtained via the
proper selection of A; and Jy, indicating that the system op-
erates in the phonon lasing regime. A maximum mechanical
gain of G/y,, ~ 2.7 is obtained with A;/w, ~ 0.545 and
Jo/wp, ~ 0.48. When w,, = w; — w_ = 2J,, Aj/w,, = 0.545
corresponds to driving up the supermode and produces the
maximum population inversion, indicating that the strongest
phonon lasing occurs due to the resonance of the input drive
field with the supermode w. (i.e., driving up the energy level
in Figure 1(d); refer to refs. [14-16]). Under this condition,
when the upper state is sufficiently populated by the driving
laser, population inversion can be realized; thus, the transi-
tion from the upper state to the lower state occurs, accom-
panied by phonon emissions (i.e., phonon lasing). In Fig-
ure 3(b)-(d), we plot the dependence of mechanical gain G
on the input directions of the driving field. For the backward-
input case, the maximum is located at A;/w,, ~ 0.475, corre-
sponding to a backward phonon laser (Figure 3(a)). However,
for the forward-input case, the squeezing effect leads to a
blueshift in the maximum mechanical gain G (orange dashed
curve in Figure 3(c) and red solid curve in Figure 3(d)). In
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(Color online) (a) Mechanical gain G versus detuning A; and coupling strength Jy for the forward-input case (port 1— port 2). (b)-(d) G versus

A; for different input directions. The right inset shows G versus A; and Jy for the backward-input case (port 2— port 1). The orange dashed and red solid
curves correspond to the forward-input case for squeezing strengths A/w, = 0.2 and A/w,, = 0.3, respectively. The green dashed curve corresponds to the
backward-input case for A/w,, = 0.2 and A/w,, = 0.3. () Stimulated emitted phonon number N}, as a function of pump power P;, for different input directions.
The five-pointed stars correspond to the threshold power Py, which is determined using the threshold condition G = y,,. We select Pi, = 10 uW in (a)-(d),

Jo/wm = 0.48 in (b)-(d), and A;/w,, = 0.545 in (e).

other words, for A/w,, = 0.3, by driving the system from the
left side (Port 1 — Port 2), we obtain the maximum mechan-
ical gain at A;/w,, ~ 0.545 (Figure 3(c)), corresponding to a
forward phonon laser.

The underlying physical mechanism can be explained as
follows: in the forward-input case, the squeezing effect
causes a frequency shift to a; o with respect to the bare
mode ap o [65], leading to G/y, > 1 at approximately
Ar/wy ~ 0.545. By contrast, in the backward-input case, the
squeezing effect does not contribute anything to a; ¢,, corre-
sponding to a conventional phonon laser (i.e., G/y, > 1 at
approximately A;/w,, ~ 0.475 with Jy/w,, = 0.48) [14-16].
This implies that by adjusting the detuning A; and squeezing
strength A, substantially enhanced or suppressed mechani-
cal gain can be obtained by driving the device from the left
side to the right side, or vice versa. Thus, our system pro-
vides a new route to realize a nonreciprocal phonon laser by
changing the input directions. Compared with the method
of using a rotating cavity to realize a nonreciprocal phonon
laser [63, 64], our scheme requires only two-mode matching
in one resonator without high-speed rotation and is therefore
easier to conduct experiments on. Thus, this study proposes a
new way to realize a nonreciprocal phonon laser. According

to eq. (14), the stimulated emitted phonon number N, can be
calculated as follows:

Ny = exp[2(G = Yim)/Vm], (16)

which characterizes the performance of the phonon
laser [14]. Subsequently, from eq. (16) and under the thresh-
old condition of the phonon laser N, = 1 (i.e., G = y,,) [14],
we derive the threshold pump power as follows:

20Kk Ymwi[(J? + K(2) —AA) + K(ZJ(AS +A)?]
th =

R 17
K182 X5A 17

where we use |b,|> < 1 at the threshold power. The di-
rectional quantum squeezing effect considerably affects the
threshold power Py,. Figure 3(e) shows the stimulated emit-
ted phonon number N, as a function of the pump power
Pi,. For the forward-input case (i.e., A/w, = 0.3),
the threshold power is approximately 7.2 uW at a fixed
Aj/w,, = 0.545 (corresponding to the maximum mechani-
cal gain shown in Figure 3(d)), which approaches the thresh-
old power at approximately 7 uW, which is also obtained
in experiments [14]. In comparison, for the backward-input
case (without the squeezing effect), the mechanical gain is
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suppressed at A;/w, = 0.545; thus, much higher threshold
power is required to implement the phonon laser.

To clearly see the squeezing effect on the nonreciprocal
phonon lasing action, we introduce the following isolation
parameter:

Ny(A # 0)
O Ny(A = 0)’

where N;, (A # 0) (or Ny (A = 0)) is the emitted phonon num-
ber corresponding to the forward-input case (or backward-
input case). Figure 4(a) shows the isolation parameter R
versus the optical detuning A; and squeezing strength A. A
nonzero isolation parameter R indicates that nonreciprocity
occurs in the phonon lasing action. When the detuning re-
gions are selected correctly, nonreciprocity occurs. For ex-
ample, for the detuning of A;/w, ~ 0.545 and squeezing
strength of A/w,, = 0.3, forward phonon lasing can be real-
ized (Figure 3(b) and (d)), which is an inevitable result due
to the difference between 6n (A # 0) and én (A = 0). Thus,
in such a COM system, nonreciprocal phonon lasing can be
realized by directional quantum squeezing. In the experi-
ments, the decay rate of the photon modes can be engineered,
for example, by placing an external nanotip near a microres-
onator [102]. The effect of the normalized decay rate of the

R = 101og (18)

(@ 035
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Figure 4 (Color online) (a) Dependence of the isolation parameter R on
the detuning A; and squeezing strength A. (b) Optimum mechanical gain G
versus scaled decay rate «/kq and squeezing strength A for different input di-
rections with the experimentally accessible parameter values Jy/w,, = 0.48
and Py, = 10 uW.
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photon mode «/«p on the optimum mechanical gain G for dif-
ferent input directions is shown in Figure 4(b). For the same
optical decay rate value «/«p, the optimum mechanical gain G
for the forward-input case can reach a much higher value than
that for the opposite direction due to the directional quantum
squeezing. This implies that for the forward phonon laser,

the mechanical gain exhibits squeezing-enhanced robustness
against optical decays.

4 Experimental feasibility

Phonon lasers have been experimentally achieved in various
physical systems [9, 11-24]. In particular, optically pumped
phonon lasing has been demonstrated in a compound COM
system comprising two coupled silica WGM microtoroid res-
onators and a nearby optical fiber [14-16]. As confirmed
in an experiment [14], the first resonator (with a diameter
of di = 66 um) supports a high Q (Q; = 9.7 x 107) opti-
cal WGM and a mechanical mode with a mechanical qual-
ity factor of Q,, = 1 x 10° and a resonant frequency of
Wy, /27 = 23.4MHz. The second resonator (with a diameter
of d, = 69 um) supports a pure optical WGM with an optical
quality factor of Q, = 4 x 10”. By placing a tapered optical
fiber near the first resonator, a tunable laser can be coupled
to R; via the optical evanescent field. Furthermore, the two
resonators can be coupled by the evanescent field, and the
coupling strength Jy can be adjusted by controlling the air
gap between the resonators. For a controllable gap of 0.2-
2 um, Jy is typically between 5 MHz-5 GHz [14]. In such a
COM system, when the upper state (supermode w. ) is occu-
pied by a sufficient number of photons coming from the driv-
ing laser through the nearby optical waveguide, these photons
begin to split into the lower-frequency photons of the lower
state (supermode w_) and coherent phonons (i.e., phonon las-
ing) [14]. As shown in Table 1, we compare the experimental
performance of the recent phonon laser based on a compos-
ite COM system comprising two coupled silica microtoroid
resonators and a nearby optical waveguide [14-16].
Recently, due to advances in experimental manufactur-
ing [90-101], microring resonators with large y® nonlinear-
ity and high Q have been fabricated using various thin film
materials, such as silicon nitride, lithium niobate, and alu-
minum nitride. Table 2 shows more relevant parameters re-
quired for experimentally achieving a y‘®-nonlinear optical
resonator. We note that the Q factors of lithium niobate-based
resonators can reach 107 or 108 [90,91,93], which are better
suited for our study. For an experimentally feasible quality
factor of Q ~ 4 x 107, the decay rate of a resonator with fre-
quency w,/2m = 30.7THz is k ~ 48.2 MHz. According to
eq. (a8) (Appendix), the relationship between the power P,
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Table 1 Experimental parameters of phonon laser in a coupled-microtoroid COM system

Resonators Diameter Optical quality Mechanical Mechanical quality Power threshold
References Geometry
(Material) (pm) factors frequency (MHz) factors (W)
[14] Ry (Si) microtoroid ~66 9.7 x 107 147.1 1x10° 7
Ry (Si) microtoroid ~69 3% 107 - -
[15] Ry (Si) microtoroid ~68 9.25x 107 59.2 18 x 10° 1.2
R, (Si) microtoroid ~69 2.5% 107 - -
[16] Ry (Si) microtoroid ~34.5 6.33 x 107 17.38 04x103 2.5
R> (Si) microtoroid ~34 1.5x 107 - -
Table 2 Performance of various y® nonlinearity integrated media. PPLN: periodically poled LiNbO3
References Material @ (pm)V) Geometry Size (um): rings: r/w/h, Optical quality Nonlinear single-photon Pump
disks: r/h, and spheres: r factor coupling strength (MHz) power (mW)
[90] PPLN 0.023 microdisk 1500/500 2.0x 108 - 25
[91] LiNbO3 - microtoroid 1900/500 3.4x107 - 0.03
[92] AIN 1.3 microring 30/1.12/1.0 1.8x10° 0.74 244
[93] LiNbO3 2.1 microdisk 51/0.7 1.1x10° - 10
[94] SiO, - microsphere 4.8x107 - 0.9
[95] AIN 6 microring 60/1.2/1.0 1.0 x 10° 0.5 11
[96] AIN 27 microring 55/1.6/2 2.6x%10° - 0.35
[97] SizNy 0.2 microring 23/1.2/0.6 1.2x 109 - 15
[98] SizNy - microring 23/1.2/1.1 1.38 x 10° 0.25 224
[99] LiNbO3 0.6 microring 80/1.6/0.6 9.0x 10° - 20
[100] PPLN 40 microring 6.0%x 10° 7.4 0.03
[101] PPLN - microring 75/—/— 1.8 x 10° 1.2 0.1

of a pump field and squeezing strength A can be expressed
as follows [65, 89]:

A = \[88%k2 P, hw i, (19)

where g; denotes the nonlinear single-photon coupling
strength in the parametric nonlinear process and «, denotes
the external decay rate for the pump field. We select the
following experimentally feasible values [90-101]: g; =
0.025MHz, x, = 48.2MHz, «, = 2k, and w, = 2w,. We
choose pump power P, = 0.02uW or P, = 30mW such
that it leads to A/w,, ~ 0.2 or A/w,, ~ 290. Therefore, we
strongly believe that our proposed scheme is experimentally
feasible.

5 Conclusion

In conclusion, we studied the nonreciprocal phonon laser
based on a compound COM system comprising an optome-
chanical resonator and a nonlinear optical resonator. By uni-
directionally pumping the nonlinear optical resonator, the
squeezed effect occurs only in the selected direction, which
substantially modifies the mechanical gain and power thresh-
old, resulting in nonreciprocal phonon lasing. Moreover,
we find that in such nonreciprocal devices, the mechani-

cal gain exhibits squeezing-enhanced robustness against op-
tical decays. Our results open up a new route to manip-
ulate COM devices or other acoustic devices using direc-
tional quantum squeezing, and find intriguing applications
in designing phonon chips or high-precision motion sen-
sors [36,37, 103]. Furthermore, our scheme opens up many
possibilities for further research: studying the role of direc-
tional quantum squeezing in enhancing or steering, for ex-
ample, photon or phonon blockade [104, 105], macroscopic
entanglement [106, 107], and backscattering-immune force
sensing [5], by including quantum noise terms.
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Appendix

A1l Derivation of the Hamiltonian

We consider a compound COM system of two coupled res-
onators with the same resonance frequency w,. One of the
resonators R; supports a mechanical breathing mode with
frequency w,, and effective mass m. The second resonator
R, is a purely optical resonator that is coupled to the first
resonator via an evanescent field with a coupling strength of
Jo. For simplicity, all directional subscripts are omitted. In
the case of forward-input, the total Hamiltonian of this com-
pound COM system can be written as follows (i = 1):

H = waa'{'al + u)aagaz +wnb'b + Jo(a'i'az + a;al)

+wcle+ gd(azzc + a%c'r) - gxoa;ral(b +bhH

+igi(ale ™ — a ") +id,(c'e T — ), (al)
where w, is the frequency of the second-harmonic modes
in R;. g and g; are the COM coupling rate in the
radiation-pressure process and the nonlinear single-photon
coupling strength in the parametric nonlinear process. & =
V21 Pin [fiw; is the driving amplitude with input power Pj,,
Ap = \2k2P,[hw,, is the pump light with the power P,,, here
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k and «;, are the decay rates. By using the unitary trans-
formation U = exp [(—i%aial —i%a;az —iwpc*c) t], the
Hamiltonian H’ can be transformed into the rotating frame,

ie.,

ou

H' = UTH/U—iUT_~ (3.2)
ot

Then we have

H' = — A’aial . A’CIZGZ + wmb%b + JO(aIaz + a;al)

—Acte+ gd(agzc + a%c*) - gxoaial(b +b"

+ie(ale ™ — aje®nly +i2,(c" - ¢), (a3)

where A" = w,/2 — Wy, Ac = Wy — W, and Ay, = w; — wp/2.
The dynamical equation of ¢ can be solved by the Heisenberg
equation:

¢ = (iAC - Kp) c+a, - igdag. (ad)

Here, we consider the strong pump field to excite mode ¢ in
R, [65]. Then we get the steady-state solution as:

S (a5)

cy = B—r a
After that, the Hamiltonian can be rewritten as follows:
H' = - A'a?al - A'a;az +w,b'b

+ Jo(a'{'az + a;al) - gxoa';'al (b+b"

A . A . A

+ig(ale ™™ — qjeitnt) + E(afe-w +a2e?),  (ab)

where the strength and the phase are
2K2Pp

A =2g, , 0=—-Arg(cy). (a7)

(Ag + Klz,) fiw,,

Due to the resonance condition, we have w, = w.. Thus the
pump power can be obtained as:

22
B hwprA
PT Too2.

8
87 (a8)

In a frame rotating at frequency A;;,, the total Hamiltonian
of this system can be written in the simplest level as follows:

H= - A;aial - A;a;az + wmbfb
+ Jo(ajl'az + a;al) - gxoai'al(b +b"
; A ., .
+ielal —ar) + E(afe’w +azel’), (a9)
where A; = Ajy — A’ = w; — w; = w; — wy. To diagonalize

H, we define the squeezed operator a, via the Bogoliubov
transformation [66-68] a, = cosh(r)a, + ¢~ sinh(r)a} , with
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the squeezing parameter r = (1/4) In[(A;— A)/(A; + A)]. The
Hamiltonian H becomes

H=- Alaial +wub'b - gxoaial(b +b"
— [Ai(cosh?(r) + sinh?(r)) + 2A cosh(r) sinh(r)]aa,
— Ay sinh?(r) — A cosh(r) sinh(r) + iel(a;r —-ay)
+Jo cosh(r)(a'l'as +ala)

— Josinh(r)(ealal + e’ayay). (al0)

Then, with the rotating wave approximation and neglecting
the constant term [66-68], the Hamiltonian of the system can
be written as follows:

H=— A;alral - Asajas + Js(aias + aial)

+wub'b - gxoaial(b +b) + isl(aI -ay), (all)

where Ay = (A; + A) exp(2r), Jg = Jo cosh(r). This Hamil-
tonian sets the stage for our calculations of the mechanical
gain and the threshold power in the forward-input case. For
the backward-input case, we have J;, = Jy, and A; = A,
Then, the Heisenberg equations of motion are written as:

ay = (1A — k))ay + igxo(b + bay —iJsa, + &,

as = (1Av - K2) ag — i-lsala (312)

b=—(iwn +yYm)b— igxoaial,

where y,, is the damping rate of the mechanical mode. As al-
ready confirmed in experiments with a COM-based phonon
laser [14-16], for a strong driving field, the input noise terms
can be safely ignored if one is interested only in the mean-
number behaviors (i.e., the threshold feature of the mechani-
cal gain or the phonon amplification). Then, the steady-state
solutions can be obtained as:

B g1(ka — iAy)
= (K1 - iA[ — igxs)(Kz - IAY) + J%,

.  enal (al3)
BTN i T o —iym

where x; = xo (8 + %) is the steady-state mechanical dis-
placement.

A2 Derivation of the mechanical gain

We introduce the supermode operators a. = (a; % ay)/ V2,
which satisfy the commutation relations [a., ai] =la_,a'] =
1,[a,, ai] = 0. Eq. (all) can be written as:

H = a)+a1a+ tw.da + w,b'b,

- %[(a:m talal) +(@la +ala )b +b)

+ %(aia_ + aia+) + ii\/%[(air + ai) —(as +a)], (ald)
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with the supermode frequencies w. = —(A; + A))/2 £+ J,, and
A = Ay — A;. Under the rotating-wave approximation condi-
tion 2J; + w,, wy > 2J5 — w,y| [63,64]. Thus we have

¥ i
H=w.a,a,; +w-al

b 8X0

A ¥
a_ + —(a+a, +alay)

+ wpb' (a+a b+b'aa +)

+ ii[(cf+ +a)-

V2

In the supermode picture, the dynamical equations of the sys-
tem can be written as:

(a; +a)]. (al5)

a, = —(iwy + kg)ay + %(gxob - Na_ + L

'\/E’
. . 1 - &l
_ = —(iw- —+ =(gxob' — A =, 16
a (iw_ + kp)a_ + 2(gxo )ay + 7 (al6)
igxog 4

b = —(iwy + ym)b + a.a.,
where kg = (k1 + k2)/2. With the ladder operator p= a’ a,
and population inversion operator on = aia+ —a'a_, the dy-
namical equations of the system are then read

— O +iwn)b+ L, al7)
D=2k +iJ)p + ~(A — gxob)on + —=(a, +al). (al8)
2 V2

By setting the time derivatives of a, and p as zero, we can
solve the steady-state solutions of the system, i.e.,

B \/i.sz(a+ + aj) —1i(gxob — A)on
- 2i(2J5 — wp) + 4k
&(2iw_ + 2kg +igxob —iA)
a, = , (al9)
2V2[D - i(A + Ayko]
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B gQRiwy + 2ky + igxobT —1iA)
2V2[D - i(A; + Aol

with

(2 x5, — 2gx0ARe(b)]
4 b

D=J2+id - AN+

where n, = b'b. Substituting eq. (al9) into the dynamical
equation of b in eq. (al7) results in

b = (iwy, — i’ + G —yu)b + F, (a20)
where
, zxg(ZJS — Wp)oN
w =
420, — wp)* + 16K(2)
gz)CSEIZK(Z)(Al + Ay)
T R20T, — o + 8k31[D? + (A + A)*2]
B gxoAon
T 4i(2Js — wp) + 8k
igxoer [D(ko — 1Jy) + ko(A; + ApA;]
[2i(2J; — wp) + 4K01[D? + (A + A)*i]
and the mechanical gain is
G = G() + Q
g XOK05n
2020, — W) + 8K
282 x2(wm — 2J)(As + Ak
78 x( X DKo @)

+ b
420 — wy)* + 1663 || D? + (A} + Ay)*k
[ dll 2]
with

812 [2J,A —Kogxolm(b) JsgxoRe(b)]

on =
2+ k5 (Ar + Ay)?
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