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Non-Hermitian Michelson interferometer for exceptional-point-enhanced sensing
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The Michelson interferometer underpins modern optical metrology, enabling precise measurements of
displacement and gravitational waves. However, the sensitivity of the conventional Hermitian Michelson interfer-
ometer is inherently limited by its linear response to a perturbation. Here, we propose a non-Hermitian Michelson
interferometer by introducing a coupling between two arms with reservoir engineering, forming a configuration
of light cross. The eigenfrequency splitting as a spectral response displays a square-root dependence on a
perturbation. Remarkably, the quantum Fisher information of our non-Hermitian Michelson interferometer can
exceed that of its Hermitian counterpart by more than three orders when Brownian noise is included, implying
a great enhancement in sensitivity. This work provides a framework for non-Hermitian interferometric sensing

with unprecedented sensitivity.
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I. INTRODUCTION

The Michelson interferometer (MI) has been a pivotal
tool in optical metrology for both historical validation of
the constancy of the speed of light [1] and modern applica-
tions ranging from displacement sensing to gravitational-wave
detection [2-7]. Its operation relies on converting phase vari-
ations or changes of arm lengths into intensity modulations,
enabling precise measurements of displacement [8,9], re-
fractive index [10,11], and temperature [12,13]. In landmark
applications such as LIGO, kilometer-scale MIs have achieved
high sensitivity for detecting spacetime fluctuations [2—-7]. Es-
sentially, the kilometer-long arms in LIGO are used to amplify
the very weak signal. However, a fundamental limitation of
conventional Mls arises from their intrinsic linear response
[14-16]: the signal-induced phase shift or perturbation of
the arm length is mapped linearly into a change of output
intensity. While this linear response simplifies signal retrieval,
it imposes a trade-off between measurement sensitivity and
physical constraints such as arm length and quantum noise
[17-20]. Significant efforts, including the use of quantum
squeezed light, have been made to suppress quantum noise
and enhance sensitivity [7,21-24]. Nevertheless, improving
the response and sensitivity of Mls in the weak-signal regime
is highly desired but remains a formidable challenge.
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Brownian noise, also referred to as thermal noise, is in-
evitable in many realistic applications [25-27], particularly in
optomechanical sensors. In precision measurements, thermal
noise imposes a fundamental constraint in sensitivity [28,29].
It originates from the coupling of the system to its surrounding
thermal environment, leading to stochastic fluctuations that
cannot be eliminated. In state-of-the-art interferometers, such
as gravitational-wave detectors, suppressing thermal noise has
been a central challenge [30-32]. For instance, intensive ef-
forts in LIGO have been devoted to reducing Brownian noise
via advanced mirror-coating technologies [33,34], thereby
substantially improving the signal-to-noise ratio in precision
measurements. Similarly, in atomic interferometry and related
precision measurement platforms, significant progress has
been made by mitigating thermal noise, leading to enhanced
performance in atomic clocks [35,36], nuclear clocks [37],
and gravimeters [38,39]. Thus, it can suppress Brownian noise
in interferometric sensing schemes.

Non-Hermitian physics has witnessed rapid advances,
ranging from non-Hermitian topology [40-53], the skin ef-
fect [54,55], and chiral transport [56,57] to non-Hermitian
lasing [58], emerging directions in sensing [50,59-72].
In the context of sensing, despite serious debates re-
garding the capability of gain-loss platforms to achieve
genuine sensitivity enhancement [73-76], recent progress
in non-Hermitian sensing operating near an exceptional
point (EP), where both eigenvalues and eigenvectors co-
alesce, has demonstrated a sublinear spectral response to
circumvent the limitation of linear-scaling response in Her-
mitian sensors [50,60-72,77-87] and promises dramatic

©2026 American Physical Society


https://orcid.org/0009-0001-0624-6429
https://orcid.org/0009-0008-6532-4571
https://orcid.org/0000-0001-5327-9488
https://orcid.org/0000-0003-3353-4618
https://orcid.org/0000-0002-7470-6626
https://ror.org/01rxvg760
https://ror.org/05d2yfz11
https://ror.org/05d2yfz11
https://ror.org/00xp9wg62
https://ror.org/01rxvg760
https://crossmark.crossref.org/dialog/?doi=10.1103/ssrq-2fb2&domain=pdf&date_stamp=2026-10-14
https://doi.org/10.1103/ssrq-2fb2

XIE, CHENG, JING, CAI TANG, LI, AND XIA

PHYSICAL REVIEW A 114, 043718 (2026)

NLZ =
C’iout,z (
p = |
£ | a2
ain,2'€in,2 r_'.?'7\ -
& a
Eex,z \1,4/
M e
kLLfex,l
a;EA BS: N a()/‘ut,l ‘
I:DD:D: 7 ? N z.‘
- A&é ain,l:fin,l
db Y B
U

FIG. 1. Schematic of the NHMI. A coherent probe field is input
into the NHMI from the left side. It is divided by the beam splitter
BS, into two parts, driving the cavity modes &, and a, via the
mirrors M; and M,, respectively. The arm cavities are mixed by
the beam splitter BS, and decay into the common reservoirs through
the mirrors M3 and M, with different rates. éex,l, éex,Zv &, and &,
denote quantum noises entering the system via the mirrors. éin,l and
éin,z denote quantum noises entering the system via the beam splitter.
The vibration mode b, subject to thermal noise, couples to a4 via the
mirror My.

sensitivity enhancement. The non-Hermiticity-enhanced sen-
sitivity has been observed in various resonator-based plat-
forms [63—-65,88]. Despite many advances, the incorporation
of EP-enhanced response and sensitivity into MIs is yet to be
explored.

In this paper, we fill this gap by proposing a passive
and linear non-Hermitian MI (NHMI) with a light-cross
configuration. In this configuration, the two arms are dissi-
patively coupled with reservoir engineering [89,90], forming
an anti-parity-time (APT) symmetric MI. This NHMI dis-
plays a square-root eigenfrequency splitting as a response
to perturbations of arm length change and thus suppresses
the fundamental Brownian noise. Consequently, the scheme
achieves superior metrological performance compared to its
Hermitian counterpart (HMI).

The remainder of this paper is organized as follows. In
Sec. II, we introduce the theoretical model of the NHMI and
derive its transmission spectrum. In Sec. III, we investigate
the sensing performance of the NHMI. Finally, Sec. IV sum-
marizes our main findings and discusses their implications.
Detailed derivations of the Hamiltonians, output spectra, and
the quantum Fisher information (QFI) for the NHMI and HMI
are presented in Appendixes A, B, and C, respectively.

II. SYSTEM AND MODEL

The system is schematically shown in Fig. 1. A MI consists
of two optical arms, each including a Fabry-Pérot cavity,
supporting modes @; and a,. The two cavities are situated at
the ends of each arm to enhance light-signal interaction. The
beam splitter BS; divides the probe laser field into two paths
and feeds them into the two arms. This BS; also combines
the reflections off the two cavities @; and a, to generate

an interference output c?b. In a conventional HMI, the two
cavities are decoupled and decay at the same rate [2—7,91].
In our light cross, the two cavity modes are mixed by the
BS,. This BS; converts modes a; and a, into the auxiliary
supermodes [92] via a3 = cos'a; — ie"'sind’a, and ay =
cos®' i, — ie* sin0'ay, where cos @’ and sin®’ are reflection
and transmission amplitudes of the BS,, respectively, and ¢ is
the relative phase between the two transmitted modes. These
two supermodes decay via the cavity mirrors M3 and My with
rates kex 3 and ke 4, respectively. Throughout the investigation
below, we set ' = 7 /4 and ¢’ = 7 /2.

The cavity modes @, and d, share two common reservoirs
via the supermodes. This reservoir-sharing decay can build
up a dissipative coupling between modes a; and a, with
reservoir engineering [89,90]. Specifically, by introducing
differential mirror-induced losses, i.€., Kex 3 7 Kex 4, WE Create
an anti-parity-time symmetric coupling between a; and a,
(see Appendix A). This configuration realizes a NHMI with
an interaction Hamiltonian:

Hapr = —ig(ala, + abay), (1

where g = (kexa — kex3)/4. This is the key point of this work.
When g = 0, this system reduces to a HMI. The losses of
cavity mirrors Mz and My also introduce an additional decay
rate (kKex3 + Kex4)/4 to both modes a; and a,.

In this system, the arm lengths of modes a3 and a4 are
equal, much smaller than those of modes a; and a,. In the
absence of perturbation, modes d; and @, are assumed to
have the same arm length L and resonance frequency wy.
A perturbation like a gravitational wave or an effective dis-
placement respectively causes an opposite displacement of
arm length 8L/2 to modes a; and a,, effectively yielding
a shift, 6; = wodL/2L, to their resonance frequencies. The
probe fields drive modes a; and @, via the mirrors M; and
M, at the external decay strengths kex1 and kex 2, respectively.
We neglect the intrinsic losses of the cavities but only consider
losses introduced by the cavity mirrors. Modes a; and a, re-
spectively decay at rates k| = Kex,1/2 + (Kex3 + kex4)/4 and
Ky = Kex2/2 + (Kex3 + kex4)/4 (see Appendix A). For sim-
plicity, we set kex | = Kex2 = Kex, yielding k1 = k. We denote
k = k1 = k. Essentially, this light cross is an APT-symmetric
NHML. It can operate near an EP, enhancing sensitivity via the
square-root dependence on perturbation. In a frame rotating at
the frequency wy, the effective free Hamiltonian is given by

Hy = (A + 8 —ix)alay + (A — 8 — ik)alas, ()

with the detuning A = wy — w,. The dynamics of the NHMI
is governed by the APT-symmetric Hamiltonian H; = Hapr +
Hy. We measure the perturbation by determining the eigen-
frequency splitting of the system. Notably, we create an
APT-symmetric NHMI without introducing a gain, avoiding
the gain-induced noise.

Obviously, the eigenvalues of the MI are given by

Ae=A—ikE /82— g 3)

The real eigenfrequencies split by an amount of

AL =Re[i;] —Re[A_] =2,/62 — & (4)
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For g = 0, the system is a HMI and this splitting displays a
linear-scaling response, AA = 28;. While for g # 0, the sys-
tem becomes a NHMI and exhibits a square-root response to
perturbation when the signal §; is biased near EP §gp = |g].

We retrieve the eigenvalues by fitting the output spectrum.
A coherent probe laser field with mean amplitude o and
frequency w, is injected into the MI through the BS;. The
output spectrum is obtained by sweeping the frequency of the
probe field. After BS;, the total field is the sum of the probe
field and quantum noise. The coherent amplitudes driving the
cavity modes a; and a, are related to the input amplitude « by
Qin,] = cosO o and oy r = —ie” sin6 «, respectively, where
6 and ¢ are defined as for BS,. We set ¢ = 7 /2. The driving
Hamiltonian is given by

- a;05in,2)-

®)

Hy = i/Kex (0 181 — @] 0tin 1) + i/ex (0t 5002

Quantum vacuum noise inevitably enters the system via
the BS and the cavity mirrors, and subsequently limits the
measurement sensitivity. We denote the quantum noise modes
entering the MI via the BS; by operators &4 and &5. They con-
nect to the BS output fields via the relations &'m | =cosf S A —
ie" sinf &g and &p, = —ie ¥ sin@ Ex 4 cos6 Eg. £ and
§ex,2 denote quantum noises directly coupling to the cavity
modes via mirrors M; and M, [93]. Then, the total quantum
noises entering theAcaVity modeAs a; and &3 via {nirrorsA M; and
M, are given by & = &in,1 + &ex,1 and & = &inp + &ex.2, Te-
spectively. Note that the value of ¢ is important for achieving
sensitivity enhancement as discussed afterward. The operators
£; and &, represent quantum noises coupling into cavity modes
a3 and a4 via mirrors M3 and My, respectively. The effect
of the vacuum noises on the system can be described by the
Hamiltonian (see Appendix A)

Hov = iv/kex3/2(E] a1 — al&3) + iv/kexa/2(E]0r — 2}E4)
+ikexa/2E a1 — @1E4) — i/kexn3/2(E]an — aLE3)
+iyie(Elay — a8 + ivkaEla, — ai6).  (6)

Importantly, Brownian noise is unavoidable in many real-
istic applications and can further decrease the sensitivity. To
account for its effect, we incorporate thermal noise by intro-
ducing a mechanical mode b with frequency @, and damping
rate ym,. The mechanical mode couples to the supermode dy
via My with strength gon. It is driven by the environmental
phonon operator Ein with (lA)inlA);rn) = ny, + 1, where ny, is the
thermal phonon number. The effect of Brownian noises can
be described by the Hamiltonian (see Appendix A)

Ay = <wb _ %m)m; i b— b

g"‘“(b' +b)@] + )@y + a). (7)

Remarkably, the interaction between the supermode a4 and
the mechanical mode b results in an effective three-mode
coupling among a,, d,, and 13, which may induce intriguing
physics to be explored.

The system evolution is governed by the Langevin equa-
tions:

T ab) @+ a2)—/Vmbin,

dt
day o . ,A ~
o [—i(A"+ &) — klar — gas — /kex(@in,1 + &1)
- \/Kex,3/2§3 - \/Kex,4/2‘§4,
da, o . ,A ~
i [—i(A" = &) —«klay — ga) — JKkex(@in2 + &2)
— Vkex3/263 — \/Kexa 264, (8)

where A’ = A + gom(b" + b)/2 and ¢ = g+ igom(b" + b) /2.
In optomechanical systems, the radiation-pressure-induced
frequency shift, gom(b" + b)/2, is negligible. Therefore, we
approximate A’ >~ Aand g >~ g.

To obtain the steady-state output field dy, we linearize the
cavity modes &) » and the mechanical mode b as a2 =012+
day, and b= oy + 8b, respectively. Here, a2 = (d;2) and
ap, = (b) denote the mean amplitudes, given by

_ Kexli(A = 85) + kldtin — /Kex8 tin2
T —[i(A 4 ) + k[I(A = &) + k] + g%
VEex[i(A" + 85) 4+ k]ating — /Kex& in,1

T LA T 80 + (A — 8 + «]+ 87 ®

where 84;, 84,, and 8b represent the corresponding fluctua-
tions. Using the input-output relations of optical cavities, the
steady-state output field d, is

dy = Fy + Fiéex) + Fécs + B
+ Fy€y + Fsép + Fybp + Fobin, (10)
where F, with n € {0, 1, 2, 3,4, 5, 6, b} is the corresponding

coefficient (see Appendix B). The coherent output spectrum
versus the perturbation J; is given by

_(didy) R

iN +k+gsingl|?
£ e e

e ‘ (11

= ’1+Kex

According to Eq. (11), the eigenfrequencies can be ex-
tracted by fitting the output spectrum with

A+ iR
(A’ + R + iRy)(A' + Rs + iRg)

T — ‘1 R (12)

where R; with j € {1,2,3,4,5, 6} presents the fitting pa-
rameter normalized to x.x. The retrieved eigenfrequencies
Ay and A_ are related to these parameters as Re(i,) =
Rz, Im(A;) = Ry, Re(A_) = Rs, and Im(A_) = Rs. Note that
these fitting functions are distinct from that for the non-
Hermitian magneto-optical effect [64]. In Ref. [64], the two
coupled modes are orthogonal in polarization and the trans-
mission spectrum can be simply fitted with the sum of two
Lorentzian profiles. In contrast, the reflected fields aq,; and
dout2 in this NHMI are nonorthogonal and interfere to form
the complicated output field dy. Thus, the output spectrum
of the NHMI cannot be expressed as a simple sum of two
Lorentzian functions.
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FIG. 2. Transmission vs normalized frequency detuning A/kex
for different frequency shifts §. The EP occurs at & = 0.05«.
Other parameters are set t0 0 = /4, ¢ = /2, kex3 = 0.2k, and
Kex 4 = 0.

III. RESULTS

The output spectra of the NHMI for different perturbations
8 are presented in Fig. 2. An EP appears at §E° = 0.05kccy.
The output spectrum exhibits a single resonance peak when
8s < 0.40kex and splits into two peaks when &g > 0.40kex—
see the purple curve at 6 = 0.60k¢, for example.

The real parts of the eigenfrequencies are shown in
Fig. 3(a). In the conventional HMI, the real parts of eigen-
frequencies, A/, split linearly with perturbation, see the blue
and red dashed lines. By contrast, the NHMI exhibits typical
non-Hermitian behavior: the eigenfrequencies remain degen-
erate before the EP and undergo a square-root splitting beyond
it. The retrieved eigenfrequencies, Re[A4], are in excellent
agreement with the numerical results, Re[A]. The corre-
sponding eigenfrequency splitting as a response is plotted in
Fig. 3(b). The NHMI displays a square-root dependence near
the EP, yielding a larger splitting for a small signal € on top of
the bias §5F. The dynamical response of Mls is quantified by

dAA 26
R(g) = = 13)

DN

As shown in Fig. 3(c), for a perturbation §; = 8EF + ¢, the
NHMI exhibits a dynamic response enhanced by a factor o
1/4/¢, indicating a dramatic enhancement for a small signal.
For example, for small signals ¢ = 10~ %y and 10 3k, the
dynamic response reaches R &~ 316 and 3162, corresponding
to an enhancement of 158 and 1581, respectively, when g # 0.

The metrological performance of the MIs with mechanical
vibration is generally constrained by quantum vacuum noise
and Brownian noise. In quantum metrology, the QFI provides
a fundamental measure for quantifying the ultimate precision
limit of parameter estimation [94-97]. According to the quan-
tum Cramér-Rao bound, the variance of an unbiased estimator
of the signal parameter §, satisfies Var(ds) > 1/Fq(8s), where
Fq(8s) denotes the QFI associated with the estimation of &;.
We use a coherent probe laser field. The output field remains
Gaussian under the linearized dynamics. Therefore, the QFI
can be evaluated with the covariance matrix V. The sensitivity
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FIG. 3. Comparison of the performance of the NHMI and the
HMI. (a) Real parts of the system eigenfrequencies. Re(X.) is the
fitted values extracted from the transmission spectra. Re(1/, ) denotes
the real parts of eigenfrequencies for HMI. (b) Eigenfrequency split-
ting, AL = Re(A) — Re(A_), as a function of &. The purple curve is
for the NHMI and the black curve for the HMI. (c) Dynamic response
vs &s. For the NHMI, the parameters are set as follows: 6 = 7 /4,
¢ = 1 /2, and kex3 = 0.2k For the HMI, the parameters are set as
0 =m/4, ¢ =m/2, and k), = 1.1k in order to make the effective
losses k, and k;, equal to those in the NHMI.

is determined by the amplitude vector u,,, (see Appendix C)
and the covariance matrix of the output field [98]. The QFI for
both the NHMI and the HMI can be evaluated by [94-98]

Fo— d oy TV_1 At oy
Q ds, ds,
. 2 ‘ dFy

Y8 IR+ R 2Qun + 1) | d8s

The coefficients Fy, Fy,, and F. are different for the NHMI
and the HMI. When Brownian noise dominates over quan-
tum vacuum noise, the QFI enhancement or the sensitivity
enhancement approaches a constant value.

As shown in Fig. 4(a), for gom < 0.01kex, the QFI of the
NHMI consistently exceeds that of the HMI, indicating su-
perior metrological performance. We quantify this advantage
by defining the enhancement factor Er = FJ™™!/Fg™!. For

2

(14)

043718-4



NON-HERMITIAN MICHELSON INTERFEROMETER FOR ...

PHYSICAL REVIEW A 114, 043718 (2026)

0D
3.6 10*
1
%;,3 10?
571
: %100 o
0 S
,\@70&
b . ' c
( )103 CN = 107key () Gom= 103 Kex
23 \ =108 E
‘LE 102¢ "\ 6= 6;51) E Eu-'
c . c
: e |
8 10°F 5,220 557\, 18 - R0
c : c Pe
8 .o NS @ 102k :° = 102c.. 3
510 -_-_’, N ~ _-E Jom ex
10-1L N e
108 102 104 108 108
gom/Kex Nin

FIG. 4. (a) QFI vs the optomechanical coupling strength g, and
the thermal phonon number ny,. The red and blue surfaces correspond
to the NHMI and HMI, respectively. (b) QFI enhancement as a
function of gom for ny, = 107 at §; = 8EF and §; = 208EF. (c) QFI en-
hancement as a function of g, for gom = 10 %kex and gom = 10 k.
The curve for gom = 1072k, is scaled by a factor of 10. Other pa-
rameters are 0 = /4, ¢ =1 /2, A =0, wp = 0.1kex, §s = 0.05kx,
Vm = 10Ky, Kex3 = 0.2kex, and kexq = 0.

ng = 107 as shown in Fig. 4(b), the QFI is enhanced by a fac-
tor of Eg = 1620 at gom = 1.3 x 1073k, The enhancement
drops below unity for go, > 2.1 X 10~ 2kex. When the system
is operated away from the EP, with §; = 208", the enhance-
ment rapidly decreases, reaching a maximum value of only
2.2 at gom = 5.1 x 1073k, For a very large optomechanical
coupling, e.g., gom = 102k, which is difficult to access in
experiments, Er saturates at a small value 3.7. For a weak
optomechanical coupling strength of g, = 1073k, accessi-
ble under most experimental conditions, Ef increases with ny,
and approaches a saturated value of 2600 for ng, 2 7.6 x 107,
see Fig. 4(c), because the response improves faster than the
noise amplification. This implies a sensitivity enhancement
more than three orders.

Although the performance of optical interferometers can
be enhanced by exploiting quantum resources such as
squeezed light, and remarkable experimental progress has
been achieved in this direction, the underlying enhance-
ment mechanism is fundamentally different from that of the
proposed scheme [7,21-24]. Squeezed-light interferometry
improves the measurement sensitivity by reducing quantum
noise through the generation, injection, and preservation of
nonclassical optical states, whereas the present approach ex-
ploits the enhanced parameter-dependent response arising
from the non-Hermitian dynamics of an anti-PT-symmetric in-
terferometric platform. The highest reported optical squeezing
level has reached 18 dB [99], while large-scale interferomet-
ric experiments, such as gravitational-wave detectors, have

demonstrated a sensitivity improvement of approximately
3 dB through the use of squeezed light [7]. By contrast,
under experimentally accessible conditions, our scheme pre-
dicts an enhancement of the QFI of up to 32 dB, defined as
101log,,(Er). We emphasize that this quantity characterizes
the enhancement of the QFI and is not directly equivalent
to the experimentally realized noise reduction in squeezed-
light interferometry. Nevertheless, the result indicates that
the proposed non-Hermitian system can provide a substantial
metrological enhancement without relying on nonclassical re-
source. A further practical advantage of the proposed scheme
is that it requires only coherent-light injection, which is
generally easier to prepare, stabilize, and integrate into ex-
isting interferometric platforms than squeezed light. The
scheme avoids the additional experimental overhead associ-
ated with the generation, injection, and phase stabilization
of squeezed states. Importantly, all key ingredients of the
scheme, including Fabry-Pérot cavities, beam splitters, and
reservoir-engineered dissipative coupling, are available with
current photonic technologies. The dissipative coupling can
be engineered through a controlled imbalance in the external
losses of the two cavities. These features make the proposed
scheme compatible with existing experimental platforms
and provide a feasible route toward EP-enhanced precision
measurements.

Several practical challenges exist in possible experimental
implementations. First, the losses introduced by the cavity
mirrors must be precisely engineered to realize the required
dissipative coupling strength for a given signal and thereby
satisfy the EP condition. Second, intrinsic cavity losses should
remain sufficiently small to ensure that the mirror-induced
dissipative coupling can be accurately controlled. Third, me-
chanical vibrations, thermal drifts, and other environmental
perturbations may shift the system away from the desired
operating point and therefore require appropriate stabilization
and feedback. Finally, operation in the vicinity of the EP
inherently restricts the dynamic response range, leading to
a trade-off between enhanced sensitivity and measurement
bandwidth.

IV. CONCLUSION

We have proposed a light cross to incorporate non-
Hermiticity into a MI via reservoir engineering. The proposed
NHMI exhibits a square-root eigenfrequency splitting in re-
sponse to perturbation near the EP. The NHMI achieves a
three-order-higher QFI in comparison with the HMI, when
both quantum vacuum and Brownian noises are considered.
This light cross enables an opportunity for EP-enhanced in-
terferometric sensing with an ultrahigh sensitivity.
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APPENDIX A: THE HAMILTONIAN OF THE NHMI
AND THE HMI

In this section, we derive the system Hamiltonian and elu-
cidate the emergence of the effective coupling between cavity
modes d; and d,. In a conventional Michelson interferometer,
hereafter referred to as the Hermitian Michelson interferome-
ter (HMI), the two cavity modes evolve independently without
any direct interaction, as illustrated in Fig. 5. In contrast,
in our non-Hermitian Michelson interferometer (NHMI), an
effective coupling between a; and a, is engineered via a
shared reservoir. As illustrated in Fig. 1, the beam splitter
BS, transforms the primary modes @; and &, into auxiliary
supermodes a3 and a4 with the relations

! A . 7[(/;’ . ! A
az = cosf’ a; — ie” 'Y sinf’ a,,

Qs = cosf’ &y — ie"'sind’ 4, (A1)
where cosf’ and sinf’ are reflection and transmission ampli-
tudes of the BS,, respectively, and ¢’ is the relative phase
between the two transmitted modes. These supermodes cou-
ple to a common thermal reservoir, thereby mediating an
indirect interaction between the original cavity modes. The
dissipation rates of the auxiliary supermodes are denoted by
Kex3 and Kex 4, respectively. When kex3 # kex 4, an effective
non-Hermitian coupling between a; and a, emerges. For

comparison, in the HMI, the two cavities are identical and in-
dependent, with «., | = k. , and k., 3 = k(4 = 0, such that
no coupling is induced between the two modés.

We first focus on the HMI with no coupling between modes
& and &,. Thus, the effective Hamiltonian Hy s of the HMI can
be described as

K K
5 ex,l \ arfa ex,2 \ a/f A
Hys = <cuo + 8 — 5 )a’;al + <w0 — 8 — 5 )a/;a'z

. ’ * A/
+1 Kex,l (ain,lal

— ] i)

iy il o (0 28 — &y dtin2), (A2)
where w( denotes the effective resonant frequency of cavity
modes &) and &}, and é, represents the frequency shift induced
by a perturbation of the cavity length. Here, we consider
the losses, Kexl and k[, ,, induced by the cavity mirrors. We
neglect the intrinsic losses of cavities modes, as well as the
quantum jump terms. This approximation is well justified in
the regime of strong coherent driving with a large photon
number. o, ; and aj, > denote the coherent amplitudes driving
the cavity modes after splitting by the beam splitter BS,. They
are related to the input coherent amplitude « through [92]
Qin] =Cc0sO o, Qinn = —ie ¥ sinf «, (A3)

where cosf and siné are reflection and transmission ampli-
tudes of the BS;, respectively, and ¢ is the relative phase
between the two transmitted modes.

The vacuum fluctuations coupled into the system via BS;
can be described by

Ein1 = cosB £ — ie'¥ sin 6 Eg,

Eina = cos@ &g —ie ™ sin 6 &y, (A4)
where €4 and &g denote the vacuum noise operators associated
with the input ports of BS;.

In this system, vacuum noise operators él, §2, §3, and §4
enter the cavity through the corresponding mirrors, where
51 = éin,l + éex,l and “;:2 = %-in,2 + éex,2~ Here, éex,l and ‘i:ex,Z
describe the vacuum noise operators that directly couple to
the cavity modes. In addition, we consider that a mechanical
mode b couples to the @ via the cavity mirror M3, with
frequency wy, damping rate yp, and optomechanical coupling
strength gom. The mechanical mode b is driven by a thermal
noise operator bm, which satisfies (b bm) = ng,, where ny, is
the thermal excited phonon number. The corresponding noise
contribution can be described by the Hamiltonian ﬁH,n’

Hy, =i

ex l(sl al - al ";:1) +i Kéxgz(ézaz — aTéz)

i\ /Ko 3(53611 —a e +i Kéx,4($4a2 - &/2T§4)
n (a)b - )b/Tb’ + gomd1 8 (BT + )
NN

In contrast to the HMI, the effective system Hamiltonian
Hnp s of the NHMI is constructed from two cavity modes, &)

— bhyy). (A5)
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and @,, and two supermodes, a3 and a4, and is given by

A Kex,1 \ o~
Hyns = (CUO'|"S —1 ) ) T l+l«/Kexl(am1a1 aalnl)

Kex - ~

+ (wo — & — 1—2 )azaz + i/Kexa(afy 282 — A tin2)
Kex,3 o4 A ata

—1 ; Q303 — i ; al ag. (A6)

The noise operators in the NHMI are similar to those in the
HMI. In the HMI, the vacuum noise operators £, and &; both
couple to cavity mode &), while & and &, couple to cavity
mode &,. In contrast, in the NHMI, the noise couplings are
redistributed: the vacuum noise operators &; and &; couple to
a; and as, respectively, whereas é‘z and §4 couple to a, and
ay, respectively. In addition, mechanical mode b couples to
supermode @, via cavity mirror M3. As a result, the noise con-
tributions in the NHMI can be described by the Hamiltonian

Hywn,
Axup = i/Kexi(6la — al) + i/Ken(Elan — a362)
iRz (Gl — i) + i KexaElay — ajés)
+ (a)b — l—)bTb + gomATfm(I;T + 2)
+i/Vm(b} b — bbiy). (A7)

By substituting Eq. (Al) into Egs. (A6) and (A7), we
obtain the effective system Hamiltonian Hyy , and the noise
Hamiltonian I-Kmm that involve only cavity modes a; and a,

N Kex.1 + 0820’ 3—|—s1n9/<4
’ _ ex, ex, ex. AT A
Hyys = (wo + 68 —1i > a,ay
[exa + $in*0’ kex 3 + 0820 Kexd \ 11 -
+ | wy — 8 — aay
2
Kex,4 — Kex3 . i
Tsme/cos@/(e 9 a’az — e’*"a ay)
. £ A At
+ Ly Kex,l(ain,lal - alain,l)
. £ A AT
+ 12V Kex,Z(ain,2a2 - azain,Z)’

By = iJRoi (B — alE) +irea o — aky)
+icost \/Kexs by — ajés)

+ sind’ \/@(e_i‘”’ég&z + e alks)

+icost \/Kexa(Efan — a3Es)

+ sind’ M(e"“”&&] + 67""’/&4{54)

+ (on - i@)m + i/ (B b — bibiy)

+ gom[cos® 0’ ala, + sin 0 aja,

+ising cos@'(e ¥ alay — e¥'aja)(b" +b). (A8)

For a balanced BS; with 6’ = /4 and ¢’ = 7 /2, the Hamil-
tonians in Eq. (A8) can be simplified to

(w0 + 8 — ik)ajar + ifKex1 (o 121
+ (w0 — & — ik2)ajan + iy/Kexa (0t 282

—ig(ala, + abay),

At
HNHs —a,ain1)

— Al atin)

ikt (Elar — aj8)) + iken(E]an — a}85)

Kex,3 a4 4 Ate . [Kex3  avp 2% A
°—<§3a1 —al&) + z,/eTwzss —Elar)

Kex4 2

(54 Gy — ay6y) +i

g1 _
HNH,n -

Kex.4

(54&1 —ajéy)

+ (a)b = ,-Em)m + irymas;@ — biby)
gom

@ +ay@ar + a)d' + b), (A9)

where the effective losses of modes a; and a, are x| =
(2Kex,1 + Kex3 + Kexa)/4 and k2 = (2kex2 + Kex3 + Kex )/ 4,
respectively, and g = (kex4 — Kex3)/4 18 the effective coupling
rate between a; and a, that has the same definition as reservoir

engineering.
Throughout, we set kx4 = 0 for both cases. To ensure
equal effective losses, We set kex| = Kex2 = Kex 1N the NHMI

and choose Kéx’l = Ke,x’z = (Kex1 + Kex2 + Kex3 + Kexa)/2 in
the HMI.

APPENDIX B: THE OUTPUT MODE OF THE NHMI

In this section, we derive the analytical steady-state so-
lutions for the cavity mode operators and the corresponding
output field of MIs. The resulting expressions explicitly
present the output mode as a function of the mode coupling g,
the frequency shift &, the relative phase ¢ of BS;, and noise
contributions.

In a rotating frame with respect to cavity mode a;, the
quantum Langevin equations corresponding to the Hamilto-
nians in Eq. (A9) are given by

gom

(@] + al) @y + a2)—/Ymbin,

P
i [—1A — K] — lgom (b' —i—b)]al g
dt
X, A Kex,4 2
«/Kexl(aml"i"’;:l)_‘/ Fox3 - 454,

i
e I g““‘ &+ b)]az —ga
dt

— VKo (@ina + &) + “353 "*“54, (B1)

where A = wy —wpand g = g+ igom/2(b" + b).

To obtain the steady-state solution for the output mode dj,
in the presence of thermal nois;, we linearize cavity modes &
and a, and mechanical mode b as

a =y +8a;, ay=ay+8a, b=ay+38bh, (B2)
where o, = (a1») and ap = (13) denote the mean-field
amplitudes and &, , and 8b represent the corresponding fluc-
tuation operators.
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The Langevin equations in Eq. (B1) can be decomposed
into two parts. One corresponds to the mean-field dynamics,

da
2 = (—ion— 2 o —iZ2 (0 PHaa + e + ajen),

where G = gom(a; + 02)/2. The steady-state solutions of o
and «; can be obtained from Eq. (B3) as

A Kex,1 [i(A/ — )+ K2]05in,1 - «/Kex,2gjain,2

7 2 o = ; ; >
d —[i(A" + &) + k1 lli(A" — &) + 2] + 87
C (A + 80 — k1o — g — e
dr s Hor— g0 ex, 1%, 1, o «/Kex,Z[i(A/ +3s) + Kk1lding — «/Kex,lg/(xin,l
2 = . . 9
do , —[i(A" +8) + k1 ][i(A" — &) + 12] + &7
=2 = [—i(A = 8) — ko — ey — fKentina,  (B3) . s ;o .
dt _ —if (o P A+ oo + e + ajag) BS
and the other corresponds to the fluctuations, @ = o, + 4 : (BS)
déay . . el ren A
dr [—i(A +6) — k1]8a1 — iG8b — g8ay — \fKex. 161 The fluctuation operators are correspondingly expressed as
Kex,3 2 Kex,4 2 . ~ ~ ~ ~
—y 5 BTy da1 = fi16ext + f126ex2 + 1383 + f1.484
dsa, ' VU . + f1.a€a + fisEs + fiobin,
dr [—i(A = &) — k210, — iG8b = g1381 = fiex252 8y = fribent + frobexa + fr383 + fruba
n /Kex,3é [Kex 4 2 + fraéa + fo88s + frobin,
3 - 4’ A~ A ~ A~ ~
2 2 8b = fo1€ex1 + fopbex2 + fo,363 + foaba
dsh T p R A 3 b
W — [—ia)b _ %:IM, _ iG*(Sfll + 8ay) — \/V_mbin, +fb,A$A + fb,BgB + fb,bblnv (B6)
(B4) where
|
fii= IG? /Kext + (ip + B)[i(A = 8) + k2] /Kex
T 281G — |GIPQIA + k1 + ko) + g2 (1w + B) — [i(A 4 &) + k1 1[I(A" = 8) + K] (iwp + &)
f _ |G|2«/Kex,2 - (iwb + ij)g/\/Kex,Z
"2 2gIGP — [GRQIA + 1 +102) + &2 (i + &) — (A + 8,) + 1l — 89) + kol (ieon + )
; |GI>/2kex3 + (i + 122) /22 [(A — 85) + k2 + &1
13 = . - - - - ’
281G — [GPQRIAN + k1 + 1) + g% (ioop + B2) — [i(A" + &) + k1 ][i( A — &) + ko] (ioon, + 52)
; 4 (iwp + B YA = ) + 12 — €]
T 2GR — IGPQIA + kit + k) + g2 (i + B) — LA+ 89) + k1 1li(A — 80) + Kol (i + )
f —i/YmGli(A" = &) + 12 — ]
b=

fia = fi1cosO —ifi,e ¥ sinf,

T 281GI2 = |GRQIA + iy + ko) + g2 (i + L) — [i(A + &) + k1 1[i( A — &) + ko] (ioop + L)
fl,B = fl’g cosf — l'fl,lei(p sing , B7)

—|GI* frexs — (iwp + L) SKexi

for = 2¢1GI? — [GRQIA + k1 + K2) + g2(iwn + L) — [I(A' + 80) + 1 1li(A” — &) + 2l (ieon, + 22)
from |G \fKexz + (i + L) [i(A" + 8) + k1] /Kex2

227 201GP — [GRQIN + Ky +162) + g% (i + 22) — [i(A +8,) + k1 li(A — &) + sea ] (i + 22)
; —|G?\/2kexs — (iwp + 22) /22 [iI(A + 85) + k1 + & ]

237 2g1GP — IGPQIA + k1 + 12) + &2 (i + %) — [(A + 89) + 1 1A — 8,) + sealiaop + )
. V52 (o + L) [(A + 86) + k1 — €]

2T 2¢'|G|12 — |GI2PQRIN + k1 + K3) + g’z(ia)b + %‘") —[i(A" + 8) + r11[i(A — &) + KZ](iCUb T %) )
7 —i/YmGli(A" + &) + k1 — &1

2b =

fra = fr.1c080 —ifrre ¥ sind,

281G — |IGRQIAN + k1 + K2) + &% (iwp + L) — [I(A + &) + k1 1[i(A = ) + ko] (i + L)
fo = fracosf —ify 1€ sinf, (B8)
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and

for = ig G* \fKex1 — IG*[i(A" — 85) + k2] /Kex1 ’
T 281G — |GPQRIA + ki 4 K2) + g% (i + L) — [i(A + 8) + k1 1[i(A — &) + k2] (i, + L)

P ig G* fKexp — IGI(A + &) + k1] fKexz ,
T 281G — |GPQRIA + k1 4 Kk2) + &% (iwp 4+ B) — [i(A + 8) + k1 [[i(A — &) + i2] (i, + 1)

—iG*\ /52 (—2i8s + K2 — K1)
Io3 = 2g1GP — [GP@IA + 61 T x2) + 82(ian + ) — (A +80) + k1 IH(A — 80) + (i + )
i G*\/2Kex s — IG* | 5+ A + Ky + k1)

el 281G12 — [GPQRIA + k1 + k) + &2 (i + L) — [I(A + &) + i [i(A — &) + Kol (i, + &)

Job = VVm{li(A 4+ 80) + i [i(A" — 8) + k2] — g7} ’
T 281G = IGPQRIA + k1 4 K2) 4 g2 (iwn + B) — [I(A 4 8) + 1 1[i(A" — &) + K] (iwp + )

for = fo1cos0 —ifpre ¥sind,

JoB = fo2c0s6 — ifb,lei‘/’ sinf .

By setting 6 = 7 /2, the steady-state output field dy, can be
obtained from the cavity input-output relations as

dy = Fo + Fi&| 4+ Bé + BE + Fié,

+ Fsép + Fobp + Fobin, (B10)
where
R Kex,2 . i Kex,1
F = — 19 s — p [ =
0 ieYa+ ./ 5 ay —te 7, ) o
KexZ 7“0
Fi=.—f1— «/Z — (1 + /Kex 1 f1,1)5
1 . —ip Kex,1
P = E(l + VKex2f22) — ie > S
Kex,2 i X, 1
F= 62J023—l€«J fe f13,
Kex,
Fy= |— 2f24—l€ f14,
K K
Fs=—ie™ + |=22fo 5 —ie™ [=20 fi
2 2
KexZ
Fs = fp—ie” fl B
k= Kex'zfz,s —ie™" Kex'1f1,5. (B11)

2 2

In the absence of quantum and thermal noise, the transmis-
sion spectrum of the NHMI reads

 (didy)
T ap

=R (B12)

(B9)

For the HMI, the Langevin equations can be obtained from
Egs. (A2) and (AS),

di’ . Ym\ 2 g M A7 | Af Wy
= (—la)b——) b—i= ( T)( + az) — A/ Vmbmv
dt 2
da, . . / £ £
dtl = [—iA = k1d) — il (ing +E1) — /Kl 563,
dé . N 2 ;&
d_tz = [—iA — 1]ay — il (ing + &2) — /Kl 4€4, (B13)
where iy = (K0, | + K¢y 3)/2 and 15 = (kg 5 + Ky 4)/2-

Similarly, followmg the procedure in Eqs (B3) and (B4),
we linearize cavity modes &) and @), as well as mechanical
mode &', and obtain the steady-state solutions for the HMI,

, A/ Kex,1%in,1
Q= ——>—
1 ;
N+ k)

A/ Kex,20in2

/
oy = —~
2 1A2+Ké’

igom|051|2

, B14
io, + 4 (B14)

[
oy =

and the fluctuations for the HMI,

8a) = fl/,1§1 + f1/,2§2 +f1/,3§3 + f1/,4§4
+ fiaka + f1 &8 + £l bin,
say = f2/,1§1 + f2/,2§2 + f2/,3§3 + f2/,4f§4
+ 5 a8 + f1 5B + f pbin:
8b' = Forbi + fosko + fosés + fosba+ fruéa

+ 13,588 + fopbin: (B15)
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where
f, . _(lwb + %)\/Kex,l
1= ; - )
(A + 8) + rer) (i + B2) + g2l 2
fl/,z = fl/,4 =0,
o= —(iwp + &) fKex3
1,3 — . . m ’
[i(A + ) + ky)(iwp + 22) + &2l 12
f/ _ Vi Vmigoma/]
b=

LA+ 8) + ki) (iwp + 22) + g2l 2

fia=fiicos0 —if{,e™¥sin0,

fip = fipcosf — ifl',lei‘p sinf , (B16)
and
f2/,1 = f2/3 = fz/s =0,
r Kex,2
f2,2 - lA + Ké )
;o Kex.4
fra= N
foa=fricos0 —ify,e ¥sind,
fop = fra0080 —if; €¥sing. (B17)

The output field dAt’, of the HMI can then be expressed as

d, = F§ + Flé, + By, + F{& + FJ&,

+ Flén + Flég + Flbin, (B18)

where the coefficient F, with m € {0, 1, 2,3, 4,5, 6, b} has
the same definition as that of Eq. (B11).

APPENDIX C: THE QUANTUM FISHER INFORMATION
OF THE NHMI AND THE HMI

To quantitatively characterize the metrological perfor-
mance of the NHMI, we evaluate the QFI associated with the
estimation of the signal parameter §;. The QFI provides a fun-
damental bound on the achievable precision via the quantum
Cramér-Rao bound, Var(§s) > 1/Fq(6s).

In both the NHMI and the HMI, the probe field is prepared
in a coherent state, and the system dynamics are linearized
around the steady state. Consequently, the output field remains
Gaussian, and the QFI can be efficiently evaluated within the
amplitude vector p, and covariance matrix V, of the output
field [98]. In the following, we present a unified derivation of
the QFI applicable to both the NHMI and the HMI. We first in-
troduce a pair of quadrature operators, conventionally referred

W 2500 \, |

k< \

(] '\

IS \

(] .

O \

C c.

© ~

c Tl

@D oo F T .

0 0.05 0.10 0.15

Shift 8 /Key

FIG. 6. QFI enhancement Ef as a function of §;. The parameters
are set as @ = /4, o =m/2, A =0, wp = 0.1kex, Ym = 10 ky,
ng = 107, Kex3 = 0.2kex, and kex s = 0.

to as the “position” and “momentum” operators, defined as

N dAb + c?g

X, = ,
b NG

L -

Y, = . (C1
b NG

The amplitude vector u, is given by
%)]  [V2RelR]
“Lout) = ~ = . (C2)

() V2Im[F]

According to the definition of elements of the covariance ma-
trix Vj,k = 1/2()?1')’51( +)’5k)’fj) - ()?j)()?k% with j(k) € {Xp, Yp}.
‘We can obtain the covariance matrix V gy,

38 IRP+IRCra+1) 0
Vout = 4 (C3)
o 0 Z?:1|E\2+|Fb\2(2nm+l) '
4

The QFI for the NHMI is then given by

d”’out ! —1 d”’out
Fo = [ 220wt )yt Zfout
Q < d(ss ) out das
B 2 ‘dFo
SO IRI? + R 2Qng + 1) | d8s

2

(C4)

For the HMI, the corresponding QFI is obtained by replac-
ing F; with F/".

To quantify the enhancement in metrological performance,
we define the enhancement factor Ep = FgHMI/FQHMI, as
shown in Fig. 6. It decreases from a large value at a small
ds to a vanishing value as §s increases. The QFI enhance-
ment is large before the EP, §; < 0.05«¢. The nonzero QFI
appears because the total QFI of the system is calculated and
the imaginary parts of the eigenvalues split, similar to Ref.
[100]. However, it is difficult to determine the loss difference
of the eigenvectors. Here, we are interested in the real parts
of the eigenvalues after the EP. When biased after EP, the
eigenfrequencies split and the QFI is still greatly enhanced
in comparison with the HMI.
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