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This supplementary material mainly provides details for the derivation of the effective photon-photon interaction

strength η, the equal-time second-order autocorrelation function g
(2)
s (0) and the yield and purity of heralded single-

photon sources (HSPSs) for the case without considering the nonlinearity induced by photon blockade. We also
discuss the influence of non-pair photon states, the cavity decay and π-pulse excitation. Finally, we use the quantum
trajectory approach to study the statistical properties of the output photons from a single-mode cavity, a dual-mode
cavity, our system shown in the main text.

I. THE EFFECTIVE PHOTON-PHOTON INTERACTION STRENGTH

In this section, we derive the effective photon-photon interaction (PPI) and the self-Kerr nonlinearity in two different
kinds of N-type configurations using rubidium (Rb) atoms.

A. Type-I N-configuration of 87Rb atoms

FIG. S1. Type-I N-configuration diagram of the 87Rb atom. The cavity and atoms are coupled with a strength g. Without
taking into account the microscopic Doppler effect, the cavity field drives the transitions 1↔ 3 and 2↔ 4 with detunings ∆31

and ∆42, respectively. The control field drives the transition 2↔ 3 with the detuning ∆c and the Rabi frequency Ωc.

The energy levels of N-type atom are denoted as |l〉 with eigenfrequency ωl (l = 1, 2, 3, 4), as shown Fig. S1. In the
this type-I configuration, we consider the cavity field couples with 1↔ 3 and 2↔ 4 transitions simultaneously.

The Hamiltonian of the system takes the form (~ = 1)

Htpye−I =

N∑
j=1

4∑
l=1

ωlσ
j
ll + ωia

†
iai + ωsa

†
sas

+

N∑
j=1

[
g(a†sσ

j
13 + a†sσ

j
24) + Ωce

iωctσj23 + h.c.
]
,

(S1)

where ai and as (a†i and a†s) are the annihilation operators (creation operators) of idler photons and signal photons,
respectively. σjmn = |m〉〈n| (m,n = 1, 2, 3, 4) denotes the transition operator for the jth atom. The first line in
Eq. (S1) is the free Hamiltonian of the system. The second line describes the atoms interact with the cavity and
control fields, respectively. The last line represents the pump applied to the nonlinear crystal [1]. Note that the signal
mode resonates with the cavity, while the idler mode decouples from atoms.
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In the rotating frame, defined by an unitary transformation U1 = exp{i
∑N
j=1[ω1σ

j
11 + (ωs + ω1 − ωc)σj22 + (ωs +

ω1)σj33 + (2ωs + ω1 − ωc)σj44]t+ i(ωia
†
iai + ωsa

†
sas)t}, the Hamiltonian can be written as

H ′type−I =

N∑
j=1

[
(−∆31 + ∆c)σ

j
22 −∆31σ

j
33 + (−∆42 −∆31 + ∆c)σ

j
44)
]

+

N∑
j=1

[
g(a†sσ

j
13 + a†sσ

j
24) + Ωcσ

j
23 + h.c.

]
,

(S2)

where σjmn = |m〉〈n| and the superscript j represents the jth atom. ∆31 = ωs − ω31 ( ∆42 = ωs − ω42 ) is the
detuning between cavity and the transition of |3〉 ↔ |1〉 ( |4〉 ↔ |2〉 ), and ∆c = ωc − ω32 is the detuning between
the control field and the |3〉 ↔ |2〉 transition in the absence of thermal motion (ωmn = ωm − ωn). The excited states
|m〉 (m = 3, 4) decay to the ground states |n〉 (n = 1, 3) at a rate γm,n. The dephasing between the excited states
(m = 3, 4) and the ground states (n = 1, 2) are represented by γ21 and γ43, repectively. The decay and dephasing of
the system can be described by the Lindblad operator:

LO =
γ21

2
(2σj21Oσ

j
12 − σ

j
22O −Oσ

j
22)

+
γ31

2
(2σj31Oσ

j
13 − σ

j
33O −Oσ

j
33) +

γ32

2
(2σj32Oσ

j
23 − σ

j
33O −Oσ

j
33)

+
γ41

2
(2σj41Oσ

j
14 − σ

j
44O −Oσ

j
44) +

γ42

2
(2σj42Oσ

j
24 − σ

j
44O −Oσ

j
44) +

γ43

2
(2σj43Oσ

j
34 − σ

j
44O −Oσ

j
44).

(S3)

Then, the Heisenberg’s equations for the system take the form

σ̇j11 = igσj31as − igσ
j
13a
†
s + γ41σ

j
44 + γ31σ

j
33 + γ21σ

j
22 , (S4a)

σ̇j22 = −i(Ωcσj23 − Ω∗cσ
j
32) + ig(σj42as − a†sσ

j
24) + γ42σ

j
44 + γ32σ

j
33 − γ21σ

j
22 , (S4b)

σ̇j33 = i(Ωcσ
j
23 − Ω∗cσ

j
32) + ig(a†sσ

j
13 − σ

j
31as) + γ43σ

j
44 − γ31σ

j
33 − γ32σ

j
33 , (S4c)

σ̇j44 = ig(a†sσ
j
24 − σ

j
42as)− (γ41 + γ42 + γ43)σj44 , (S4d)

σ̇j31 = −i∆31σ
j
31 + iga†s(σ

j
11 − σ

j
33) + iΩcσ

j
21 −

γ31 + γ32

2
σj31 , (S4e)

σ̇j32 = −i∆cσ
j
32 + iga†s(σ

j
12 − σ

j
34) + iΩc(σ

j
22 − σ

j
33)− γ21 + γ31 + γ32

2
σj32 , (S4f)

σ̇j21 = i(∆c −∆31)σj21 + iΩ∗cσ
j
31 + igσj41as − iga†sσ

j
23 −

γ21

2
σj21 , (S4g)

σ̇j41 = i(∆c −∆31 −∆42)σj41 + iga†sσ
j
21 − iga†sσ

j
43 −

γ41 + γ42 + γ43

2
σj41 , (S4h)

σ̇j42 = −i∆42σ
j
42 + iga†s(σ

j
22 − σ

j
44)− iΩcσj43 −

γ21 + γ41 + γ42 + γ43

2
σj42 , (S4i)

σ̇j43 = i(∆c −∆42)σj43 + iga†sσ
j
23 − igσ

j
41as − iΩ∗cσ

j
42 −

γ31 + γ32 + γ41 + γ42 + γ43

2
σj43 . (S4j)

We can derive the self-Kerr nonlinearity from Eqs. (S4) by using the perturbation approach [2–4]. The transition

operators can be expanded as σjmn = σ
j(0)
mn + σ

j(1)
mn + σ

j(2)
mn + σ

j(3)
mn + · · · . In our configuration, we have g � Ωc, to a

good approximation, all the populations can be assumed in the ground state |1〉 to zeroth order, that is, σ
j(0)
11 = 1,

σ
j(0)
22 = σ

j(0)
33 = σ

j(0)
44 = 0. Therefore, we also have σ

j(0)
mn = 0 (m 6= n). The terms with σjmng (m 6= n) can be neglected

when solving σjmn. Solving Eqs. (S4), we obtain the first order solutions for the transition operators

σ
j(1)
21 = −gΩ∗ca

†
s

F γ̃21
, (S5a)

σ
j(1)
31 = − iga

†
s

F
, (S5b)
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with

F = γ̃31 +
|Ωc|2

γ̃21
. (S6)

Where we define γ̃21 = −i(∆31 −∆c)− γ21/2, γ̃31 = −i∆31 − (γ31 + γ32)/2, γ̃42 = −i∆42 − (γ21 + γ41 + γ42 + γ43)/2,
and γ̃43 = −i(∆42 −∆c)− (γ31 + γ32 + γ41 + γ42 + γ43)/2 for simplicity. As for a closed system, the total population

is conserved, i.e., σj11 + σj22 + σj33 + σj44 = 1. The second-order population operators satisfy the relationship

σ
j(2)
11 + σ

j(2)
22 + σ

j(2)
33 + σ

j(2)
44 = 0 . (S7)

Substituting Eqs. (S5) and Eq. (S7) to Eqs. (S4a-d), we obtain the second-order population operators

σ
j(2)
11 =

g2a†sas(γ32 + γ21)

γ21(γ31 + γ32)
(

1

F
+

1

F ∗
) , (S8a)

σ
j(2)
22 = − g2a†sasγ32

γ21(γ31 + γ32)
(

1

F
+

1

F ∗
) , (S8b)

σ
j(2)
33 = − g2a†sas

γ31 + γ32
(

1

F
+

1

F ∗
) . (S8c)

Similarly, substituting Eqs. (S8) into Eqs. (S4e-j) and solving it, we obtain the third-order atomic polarizations

σ
j(3)
31 = − ig

3a†sa
†
sas(2γ21 + γ32)

Fγ21(γ31 + γ32)
(

1

F
+

1

F ∗
) , (S9a)

σ
j(3)
42 =

ig3a†sa
†
sasγ32

F1γ21(γ31 + γ32)
(

1

F
+

1

F ∗
) , (S9b)

where

F1 = γ̃42 +
|Ωc|2

γ̃43
. (S10)

The first and third order approximations of σj32 are zero, i.e., σ
j(1)
32 =σ

j(3)
32 = 0. Because σ

j(0)
22 = σ

j(1)
22 = σ

j(3)
22 = 0,

σ
j(0)
33 = σ

j(1)
33 = σ

j(3)
33 = 0, σ

j(0)
44 = σ

j(1)
44 = σ

j(2)
44 = σ

j(3)
44 = 0, σ

j(0)
31 = σ

j(2)
31 = 0, and σ

j(0)
42 = σ

j(1)
42 = σ

j(2)
42 = 0, we have

σj22 ≈ σ
j(2)
22 , σj33 ≈ σ

j(2)
33 , σj44 ≈ 0, σj31 ≈ σ

j(1)
31 + σ

j(3)
31 , and σj42 ≈ σ

j(3)
42 . Substituting these formulas for σj22, σj33, σj44,

σj31 and σj42 into the Hamiltonian Eq. S2, we obtain the effective Hamiltonian

H ′type-I,eff = ∆̃a†sas + η̃a†sa
†
sasas, (S11)

with the nonlinear PPI strength,

η̃ =

N∑
j=1

[
ig4(2γ21 + γ32)

γ21(γ31 + γ32)
(

1

F
+

1

F ∗
)(

1

F ∗
− 1

F
) +

ig4γ32

γ21(γ31 + γ32)
(

1

F
+

1

F ∗
)(

1

F1
− 1

F ∗1
)

]
, (S12)

and a linear shift,

∆̃ =

N∑
j=1

[
g2γ32

γ21(γ31 + γ32)
(

1

F
+

1

F ∗
)(∆31 −∆c) +

g2∆31

γ31 + γ32
(

1

F
+

1

F ∗
) + ig2(

1

F ∗
− 1

F
)

]
. (S13)

In our proposed scheme, the performance of single-photon source strongly depends on the photon blockade strength,
i.e. the magnitude of the PPI strength η.

Next, we first consider N identical atoms and exclude the microscopic doppler effect. In the case of Ωc � γ0, g,∆31,
∆c and ∆42, the approximate analytical formula for the PPI strength η0 can be derived from the Eq. (S12) as

η0,type−I ≈
2Nag

4γ32

|Ωc|4(γ31 + γ32)

[
2γ21 + γ32

γ32
(∆31 −∆c)− (∆42 −∆c)

]
, (S14)
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where Na is the total atom number. From this expression, we can see that when Ωc � ∆31,∆c, the value of η0 is
proportional to g/|Ωc|. A large PPI can be achieved by adjusting the values of g/|Ωc| and |∆31 −∆c|. Here we take
∆c = 0 in the following calculation. The PPI strength can also be effectively adjusted by controlling the number of
Rb atoms because η0,type−I is proportional to Na.

Now we consider the Doppler effect of warm atoms. To do so, we replace ∆31, ∆c and ∆42 by ∆31 + ksv, ∆c + kcv,
and ∆42 + ksv, and

∑
j →

∫
dv. Then the PPI strength and linear shift are given by

η =

∫
N(v)[

ig4(2γ21 + γ32)

γ21(γ31 + γ32)
(

1

F (v)
+

1

F ∗(v)
)(

1

F ∗(v)
− 1

F (v)
)

+
ig4γ32

γ21(γ31 + γ32)
(

1

F (v)
+

1

F ∗(v)
)(

1

F1(v)
− 1

F ∗1 (v)
)]dv,

(S15)

∆ =

∫
N(v)[

g2γ32

γ21(γ31 + γ32)
(

1

F (v)
+

1

F ∗(v)
)(∆31 −∆c + ksv − kcv)

+
g2(∆31 + ksv)

γ31 + γ32
(

1

F (v)
+

1

F ∗(v)
) + ig2(

1

F ∗(v)
− 1

F (v)
)]dv,

(S16)

where we have assumed that the atomic velocity obeys a Maxwell-Boltzmann distribution, i.e., N(v) = Nae
−v2/u2

/u
√
π.

FIG. S2. (a) The effective PPI strength η as a function of the detuning ∆31 in type-I N-configuration. The parameters are
γ31 = γ32 = γ42 = γ0 = 0.5κs, γ21 = 0.01κs, Ωc = 30γ0, ∆42 = 8.5∆31, ∆c = 0 and Na (g/κs)4 = 0.92 × 103 [Na (g/κs)4 =
2.3× 103,Na (g/κs)4 = 5.7× 103] for the dotted blue curve (the dashed red curve, the solid green curve). (b) The PPI strength
η versus g/Ωc. We take the “optimal point” for η when scanning ∆31 for every g/Ωc. The dotted blue ( the dashed red, the
solid blue) curve is calculated with ∆c/∆31 = 0 (−2,−4) and N (g/κs)4 = 2.3× 103 for both three curves. Other parameters
are the same as (a).

Then, we estimate the available PPI strength in an ensemble of warm Rb atoms with the Doppler effect. The
effective PPI strength is shown in Fig. S2. The PPI strength η has a “dispersive” profile and is zero in the vicinity of
∆31 = 0. When the detuning ∆31 changes, there are always two maximum for the absolute value of the nonlinearity at
∆31/κs = ±18. For example, the absolute value of PPI strength can reach |η|/κs = 80 (|η|/κs = 200 , |η|/κs = 500)

when Na (g/κs)
4

= 0.92×103 (Na (g/κs)
4

= 2.3×103, Na (g/κs)
4

= 5.7×103). We call these points “optimal points”.
In Fig. S2(b), the available strongest nonlinearity increases as g/Ωc, which is well understand and in consistent with
the approximate formulas in Eq. (S14). However, when the increase of g/Ωc is higher than about 0.05, the changes of
the PPI strength η tend to be flat. This is because the conditions of Ωc � γ0, g,∆31(∆c) used in the approximation
analysis gradually become invalid as Ωc gets smaller. The terms we previously neglected have the opposite effect
on the values of η, which gradually become non-negligible. In addition, we should also note that the premise of the
perturbation method used in the model, i.e., |g| � |Ωc|, which is exactly contradictory to the increase of g/Ωc. So the
value of g/Ωc cannot be increased indefinitely. There is a competitive relationship between making the perturbation
approach effective and getting a large nonlinearity [5]. Moreover, increasing |∆c/∆31| can also increase the value of
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the PPI strength (see Fig. S2(b)). This large PPI allows us to achieve strong photon blockade for signal photons.

B. Type-II N-configuration of 87Rb atoms

FIG. S3. Type-II N-configuration diagram of the 87Rb atom. The signal photon (g), coupling field (Ωc), and switching field
(Ωd) drive the transitions 1↔ 3, 2↔ 3 and 2↔ 4, with detunings ∆31, ∆c and ∆42, respectively.

The strong PPI can also be realized by using the N-type configuration of 87Rb atom reported in [4], see Fig. S3 for
level diagram. It has been experimentally demonstrated that strong adjustable self-Kerr nonlinearity can be achieved
in this type-II N-configuration. The results given by the perturbation theory are in good agreement with experiments.

The Hamiltonian describing this N-configuration is

Htype−II =

N∑
j=1

[
(−∆31 + ∆c)σ

j
22 −∆31σ

j
33 + (−∆42 −∆31 + ∆c)σ

j
44)
]

+

N∑
j=1

[
g(a†sσ

j
13) + Ωdσ

j
24 + Ωcσ

j
23 + h.c.

]
,

(S17)

where ∆31 = ωs−ω31, ∆c = ωc−ω32 and ∆42 = ωd−ω42. ωs, ωc and ωd represent the frequencies of signal, coupling
and switching fields, respectively. The Lindblad equation of the system is the same as Eq. (S3) and the Heisenberg’s
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equations is

σ̇j11 = igσj31as − igσ
j
13a
†
s + γ41σ

j
44 + γ31σ

j
33 + γ21σ

j
22 , (S18a)

σ̇j22 = −i(Ωcσj23 − Ω∗cσ
j
32)− i(Ωdσj42 − Ω∗dσ

j
24) + γ42σ

j
44 + γ32σ

j
33 − γ21σ

j
22 , (S18b)

σ̇j33 = i(Ωcσ
j
23 − Ω∗cσ

j
32) + ig(a†sσ

j
13 − σ

j
31as) + γ43σ

j
44 − γ31σ

j
33 − γ32σ

j
33 , (S18c)

σ̇j44 = i(Ωdσ
j
24 − Ω∗dσ

j
42)− (γ41 + γ42 + γ43)σj44 , (S18d)

σ̇j31 = −i∆31σ
j
31 + iga†s(σ

j
11 − σ

j
33) + iΩcσ

j
21 −

γ31 + γ32

2
σj31 , (S18e)

σ̇j32 = −i∆cσ
j
32 + iga†sσ

j
12 − iΩdσ

j
34 + iΩc(σ

j
22 − σ

j
33)− γ21 + γ31 + γ32

2
σj32 , (S18f)

σ̇j21 = i(∆c −∆31)σj21 + iΩ∗cσ
j
31 + iΩ∗dσ

j
41 − iga†sσ

j
23 −

γ21

2
σj21 , (S18g)

σ̇j41 = i(∆c −∆31 −∆42)σj41 + iΩdσ
j
21 − iga†sσ

j
43 −

γ41 + γ42 + γ43

2
σj41 , (S18h)

σ̇j42 = −i∆42σ
j
42 + iΩd(σ

j
22 − σ

j
44)− iΩcσj43 −

γ21 + γ41 + γ42 + γ43

2
σj42 , (S18i)

σ̇j43 = i(∆c −∆42)σj43 + iΩdσ
j
23 − igσ

j
41as − iΩ∗cσ

j
42 −

γ31 + γ32 + γ41 + γ42 + γ43

2
σj43 . (S18j)

Solve the Eqs. (S18a) using the same approach above, we can obtain the first order solutions

σ
j(1)
21 = − Ω∗cgγ̃41

γ̃21γ̃41 + |Ωd|2
a†s , (S19a)

σ
j(1)
31 = − ig

F3
a†s , (S19b)

σ
j(1)
41 =

iΩdΩ
∗
cg

γ̃21γ̃41 + |Ωd|2
a†s , (S19c)

with

F3 = γ̃31 +
γ̃41|Ωc|2

γ̃21γ̃41 + |Ωd|2
. (S20)

Where γ̃21 = −i(∆31−∆c)− γ21/2, γ̃31 = −i∆31− (γ31 + γ32)/2, and γ̃41 = i(∆c−∆31−∆42)− (γ41 + γ42 + γ43)/2.

Using the closed system condition, σ
j(2)
11 + σ

j(2)
22 + σ

j(2)
33 + σ

j(2)
44 = 0, and substituting Eqs. (19) into Eqs. (18 a-d), we

get the second-order population operators

σ
j(2)
11 =

g2(γ32 + γ21)

γ21(γ31 + γ32)
(

1

F3
+

1

F ∗3
)a†sas , (S21a)

σ
j(2)
22 = − g2γ32

γ21(γ31 + γ32)
(

1

F3
+

1

F ∗3
)a†sas , (S21b)

σ
j(2)
33 = − g2

(γ31 + γ32)
(

1

F3
+

1

F ∗3
)a†sas . (S21c)

Similarly, substituting Eqs. (S21) into Eqs. (S18 e-j) and solving it, we obtain the third-order atomic polarizations

σ
j(3)
31 = − ig3(2γ21 + γ32)

F3γ21(γ31 + γ32)
(

1

F3
+

1

F ∗3
)a†sa

†
sas. (S22)

The first and third order approximations of σj32 are zero, i.e., σ
j(1)
32 =σ

j(3)
32 = 0. Because σ

j(0)
22 = σ

j(1)
22 = σ

j(3)
22 = 0,

σ
j(0)
33 = σ

j(1)
33 = σ

j(3)
33 = 0, σ

j(0)
44 = σ

j(1)
44 = σ

j(2)
44 = σ

j(3)
44 = 0, σ

j(0)
31 = σ

j(2)
31 = 0, and σ

j(0)
42 = σ

j(1)
42 = σ

j(2)
42 = σ

j(3)
42 = 0,

we have σj22 ≈ σ
j(2)
22 , σj33 ≈ σ

j(2)
33 , σj44 ≈ 0, σj42 ≈ 0, and σj31 ≈ σ

j(1)
31 + σ

j(3)
31 . Substituting these formulas for σj22, σj33,

σj44, and σj31 into the Hamiltonian Eq. (S17), we can obtain the effective Hamiltonian

Htype-II,eff = ∆̃a†sas + η̃a†sa
†
sasas, (S23)
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with the nonlinear interaction strength,

η̃ = iX0

N∑
j=1

(
1

F3
+

1

F ∗3
)(

1

F ∗3
− 1

F3
), (S24)

and a linear shift,

∆̃ =

N∑
j=1

g2

[
γ32

γ21(γ31 + γ32)
(

1

F3
+

1

F ∗3
)(∆31 −∆c) +

∆31

(γ31 + γ32)
(

1

F3
+

1

F ∗3
) + i(

1

F ∗3
− 1

F3
)

]
, (S25)

where X0 = g4(2γ21 + γ32)/ [γ21(γ31 + γ32)]. Again, we first consider N identical atoms and exclude the microscopic
doppler effect. In the case of Ωc � γ0, g, and Ωd, the approximate expressions of the PPI strength η0,type−II from the
Eq. (S24) can be solved as

η0,type−II ≈
2Nag

4(2γ21 + γ32)

|Ωc|4(γ31 + γ32)
(∆31 −∆c). (S26)

From the formula Eq. (S26), we can see that the PPI strength can also be effectively adjusted by controlling the
number of Rb atoms Na.

Then, we consider the atomic Doppler effect and have

η = iX0

∫
(

1

F3(v)
+

1

F ∗3 (v)
)(

1

F ∗3 (v)
− 1

F3(v)
)N(v)dv, (S27)

∆ =

∫
N(v)g2[

γ32

γ21(γ31 + γ32)
(

1

F3(v)
+

1

F ∗3 (v)
)(∆31 −∆c + ksv − kcv)

+
(∆31 + ksv)

γ31 + γ32
(

1

F3(v)
+

1

F ∗3 (v)
) + i(

1

F ∗3 (v)
− 1

F3(v)
)]dv.

(S28)

F3(v) =
[i(∆c −∆31 −∆42 − kv)− (γ41 + γ42 + γ43)/2] |Ωc|2

{[(i(∆c −∆31)− γ21/2)(i(∆c −∆31 −∆42 − kv)]− (γ41 + γ42 + γ43)/2)}+ |Ωd|2

− [(∆31 + kv) + (γ31 + γ32)/2] .

(S29)

FIG. S4. The effective PPI strength η as a function of the detuning ∆31 in type-II N-configuration of 87Rb atoms. The
parameters are γ31 = γ32 = γ42 = γ0 = 0.5κs, γ21 = 0.01κs, Ωc = 30γ0, Ωd = 3γ0, ∆42 = ∆c = 0, and Na (g/κs)4 = 1.3× 103

[Na (g/κs)4 = 3.25× 103,Na (g/κs)4 = 8.1× 103] for the dotted blue curve (the dashed red curve, the solid green curve).
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We set ∆42 = 0 and ∆c = 0, which is the same as in [4] for the 87Rb atomic N-configuration in Fig. S3. Figure. S4
shows the effective PPI strength as a function of the detuning ∆31. When the detuning ∆31 changes, the PPI strength
induced by the type-II N-configuration has two more ”optimal points” to choose from than the type-I for a given
number of atoms. For example, when Na(g/κs)

4 = 1.3 × 103 (Na(g/κs)
4 = 3.25 × 103, Na(g/κs)

4 = 8.1 × 103), the
PPI strength η can reach 80κs (200κs, 500κs) not only at ∆31/κs = ±18, but also about at ∆31/κs = ±53. At the
same time, the two additional ”optimal points” have a wider adjustable detuning range about 6κs in the vicinity of
∆31/κs = ±53 than 2κs in the vicinity of ∆31/κs = ±18 for η/κs = 80 when Na(g/κs)

4 = 1.3 × 103. However, the
type-II N-configuration requires a larger atomic density than the type-I to achieve the same nonlinear strength.

C. Hamiltonian of the full system

The Hamiltonian of the system including the SPDC process can be generally written as

Hfull = ∆a†sas + ηa†sa
†
sasas + ξ

√
P [e−i(ωp−ωi−ωs)ta†ia

†
s + ei(ωp−ωi−ωs)taias].

Similarly, applying an unitary transformation of U2 = exp{−i(ωp − ωi − ωs)a†sast} to the system, we can get the
effective Hamiltonian

Heff = (∆− η −∆p)a
†
sas + η(a†sas)

2 + ξ
√
P (a†ia

†
s + aias).

It is Eq. (2) in the main text.

II. THE EQUAL-TIME SECOND-ORDER AUTOCORRELATION FUNCTION

In this section, we derive the equal time second-order autocorrelation function conditional on the detection of the
idler photons. The single-photon statistics from a HSPS by heralding detection of idler photons have been reported
in [6] for the first time. For a heralding single-photon detection system, the state of the system can be described by
density matrix. Once idler photons are detected, the system state degrades to ρs [7, 8]. In this case, the number
states of the idler mode no longer have the contribution of the vacuum state, the probability of ns photon becomes

αns
= 〈ns|ρs|ns〉 =

∑
ni>0

Pns,ni∑
n′
s,n

′
i>0

Pn′
s,n

′
i

. (S30)

When the idler photons are detected, the equal time second-order autocorrelation function of signal mode is given by

g(2)
s (0) =

〈a†sa†sasas〉i
〈a†sas〉2i

, (S31)

where 〈· · · 〉i is the average over the postmeasurement state when an idler photon is measured. And it can be calculated
as 〈

a†sa
†
sasas

〉
i

=
〈
ψs
∣∣a†sa†sasas∣∣ψs〉 =

∑
ns,n′

s

〈ψs | ns〉
〈
ns
∣∣a†sa†sasas∣∣n′s〉 〈n′s | ψs〉

=
∑
ns,n′

s

〈n′s | ψs〉 〈ψs | ns〉
〈
ns
∣∣a†sa†sasas∣∣n′s〉

=
∑
ns,n′

s

〈n′s | ψs〉 〈ψs | ns〉n′s (n′s − 1) δns,n′
s

=
∑
ns

〈ns | ψs〉 〈ψs | ns〉ns(ns − 1)

=
∑
ns

〈ns |ρs|ns〉ns(ns − 1)

=
∑
ns

ns(ns − 1)αns ,

(S32)
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a†sas

〉
i

=
〈
ψs
∣∣a†sas∣∣ψs〉 =

∑
ns,n′

s

〈ψs|ns〉〈ns|a†sas|n′s〉〈n′s|ψs〉

=
∑
ns,n′

s

〈n′s|ψs〉〈ψs|ns〉〈ns|a†sas|n′s〉

=
∑
ns,n′

s

〈n′s|ψs〉〈ψs|ns〉n′sδns,n′
s

=
∑
ns

〈ns|ψs〉 〈ψs|ns〉ns

=
∑
ns

〈ns |ρs|ns〉ns

=
∑
ns

nsαns
.

(S33)

Substituting Eq. S32 and Eq. S33 into Eq. S31, we obtain

g(2)
s (0) =

∑
ns

ns (ns − 1)αns(∑
ns

nsαns

)2 =

[ ∑
ns,ni>0

ns (ns − 1)Pns,ni

]( ∑
ns,ni>0

Pns,ni

)
( ∑
ns,ni>0

nsPns,ni

)2 . (S34)

When the pump power and the PPI strength are very strong, the probability of multi-photon states can be neglected.

In this case, g
(2)
s (0) ≈ 2α2/α

2
1 ≈ 2(P21 +P22)(P11 +P12 +P21 +P22)/(P11 +P12)2. Considering the main contribution

of photon-pair states (nonphoton-pair states are discussed below), g
(2)
s (0) ≈ 2P22/P11.

The purity, denoted as Π, of heralded single photons is usually defined as [9]

Π =

∑
ni>0

P1,ni∑
n′
s>0,n

′
i>0

Pn′
s,n

′
i

. (S35)

When the probability of single-photon pair is much greater than those of the multi-photon pairs, considering the main
contribution of photon-pair states, we obtain

Π ≈ P11/(P11 + P22) ≈ 1− P22/P11 . (S36)

In the case of P11 � P22, we have

1− g(2)
s (0) = 1− 2P22/P11 ≈ Π . (S37)

Because g
(2)
s (0) can be measured experimentally, 1− g(2)

s (0) is usually used to characterize the heralded single-photon
purity [10].

III. NON-BLOCKADE CASE

In this section, we discuss the non-blockade case, that is , without considering the PPI in our system. We derive
the analytical expressions for the yield and purity of HSPS, and discuss the limitation on the yield and purity.

A. The Yield and Purity of HSPS

When PPI is not considered, the Hamiltonian of the system can be written as

H0 = ξ
√
P (a†ia

†
s + aias). (S38)



11

FIG. S5. (a) The numerical solutions of population of Fock states |ns, ni〉 as a function of the effective pump power ξ
√
P .

(b-e) Comparison of numerical (dash-dotted curves) and analytical solutions (solid curves) of photon-pair population of Pns,ni

(ns = ns = 0, 1, 2, 3 for (b), (c), (d) and (e), respectively). (f) The equal time second-order autocorrelation g
(2)
s versus the

effective pump power ξ
√
P . Other parameters are κsτp = π/40, κs = κi = 1.

One can show that, without considering the dissipation of photons, it creates the following two-mode entangled state
[1]:

e−iH0t|0, 0〉 =
1

cosh(ξ
√
Pt)

e−itanh(ξ
√
P )a†ia

†
s |0, 0〉

=
1

cosh(ξ
√
Pt)

∞∑
n=0

(−i)ntanhn(ξ
√
Pt)|n, n〉.

(S39)

Here, to consistent with the main text, the Fock-state subscripts have been omitted. Then the probability of n-th
pair is

Pn,n =
tanh2n(ξ

√
Pt)

cosh2(ξ
√
Pt)

. (S40)

The yield of the heralded single-photon source (HSPS) can be measured by P11, which means each pump laser pulse
generating a single photon [11]. We use Y to represent the yield of the HSPS, then

Y = P11 =
tanh2(ξ

√
Pt)

cosh2(ξ
√
Pt)

. (S41)

The heralded second-order autocorrelation function can be derived from Eq. (S34). Here, we only consider the
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contribution of photon-pair states, i.e., ns = ni, we have

αns
=

tanh2ns(ξ
√
Pt)[

tanh2(ξ
√
Pt) + tanh4(ξ

√
Pt) + tanh6(ξ

√
Pt) + · · ·

] , (S42)

and

g(2)
s (0) =

∑
ns

ns(ns − 1)αns

(
∑
ns

nsαns)2
=

[∑
ns

ns(ns − 1)tanh2ns(ξ
√
Pt)

] [ ∑
ns>0

tanh2ns(ξ
√
Pt)

]
[∑
ns

nstanh2ns(ξ
√
Pt)

]2 , (S43)

where: ∑
ns>0

tanh2ns(ξ
√
Pt) =

tanh2(ξ
√
Pt)

1− tanh2(ξ
√
Pt)

, (S44)

∑
ns

nstanh2ns(ξ
√
Pt) =

1

2
cosh2(ξ

√
Pt)tanh(ξ

√
Pt)

∑
ns

∂

∂(ξ
√
Pt)

tanh2ns(ξ
√
Pt)

=
1

2
cosh2(ξ

√
Pt)tanh(ξ

√
Pt)

∂

∂(ξ
√
Pt)

∑
ns

tanh2ns(ξ
√
Pt)

=
1

2
cosh2(ξ

√
Pt)tanh(ξ

√
Pt)

∂

∂(ξ
√
Pt)

[
1

1− tanh2(ξ
√
Pt)

]
=

tanh2(ξ
√
Pt)[

1− tanh2(ξ
√
Pt)
]2 .

(S45)

Substituting Eq. (S44) and Eq. (S45) into Eq. (S43), we can obtain

g(2)
s (0) =

[∑
ns

ns(ns − 1)tanh2ns(ξ
√
Pt)

] [
1− tanh2(ξ

√
Pt)
]3

tanh2(ξ
√
Pt)

. (S46)

When we consider the larger area of the pump pulse, i.e., ξ
√
Pt� 0, we have

(
∂

∂(ξ
√
Pt)

)2
∑
ns

tanh2ns(ξ
√
Pt) =

∑
ns

(
∂

∂(ξ
√
Pt)

)2tanh2ns(ξ
√
Pt)

=
∑
ns

(
∂

∂(ξ
√
Pt)

){2ns
[
tanh2ns−2(ξ

√
Pt)
]

cosh−2(ξ
√
Pt)tanh(ξ

√
Pt)}

=
∑
ns

[
2cosh−2(ξ

√
Pt)tanh(ξ

√
Pt)
] ∂

∂(ξ
√
Pt)

[
nstanh2ns−2(ξ

√
Pt)
]

+
∑
ns

∂

∂(ξ
√
Pt)

[
cosh−2(ξ

√
Pt)tanh(ξ

√
Pt)
] [

2nstanh2ns−2(ξ
√
Pt)
]
.

(S47)
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We can prove that the last row is approximately zero in the case of ξ
√
Pt� 0, that is∑

ns

∂

∂(ξ
√
Pt)

[
cosh−2(ξ

√
Pt)tanh(ξ

√
Pt)
] [

2nstanh2ns−2(ξ
√
Pt)
]

=
∑
ns

[
2cosh−4(ξ

√
Pt)sinh2(ξ

√
Pt) + cosh−4(ξ

√
Pt)
] [

2nstanh2ns−2(ξ
√
Pt)
]

≈ 0 (ξ
√
Pt� 0),

(S48)

so

(
∂

∂(ξ
√
Pt)

)2
∑
ns

tanh2ns(ξ
√
Pt) =

∑
ns

[
2cosh−2(ξ

√
Pt)tanh(ξ

√
Pt)
] ∂

∂(ξ
√
Pt)

[
nstanh2ns−2(ξ

√
Pt)
]

=
∑
ns

4ns(ns − 1)tanh2ns(ξ
√
Pt)cosh−4(ξ

√
Pt)tanh−2(ξ

√
Pt),

(S49)

and ∑
ns

ns(ns − 1)tanh2ns(ξ
√
Pt) =

1

4
cosh4(ξ

√
Pt)tanh2(ξ

√
Pt)(

∂

∂(ξ
√
Pt)

)2
∑
ns

tanh2ns(ξ
√
Pt)

=
2tanh4(ξ

√
Pt)[

1− tanh2(ξ
√
Pt)
]3 . (S50)

Substituting Eq. (S50) into Eq. (S46), we can easily obtain

g(2)
s (0) ≈ 2tanh4(ξ

√
Pt)[

1− tanh2(ξ
√
Pt)
]3 ·

[
1− tanh2(ξ

√
Pt)
]3

tanh2(ξ
√
Pt)

= 2tanh2(ξ
√
Pt). (S51)

The equal time second-order autocorrelation function can characterize the single-photon purity of a light field [11].
In our system based on idler-detection events, the purity of signal photons can be defined by [10]

Π =

{
1− g(2)

s (0), g(2)
s (0) ≤ 1,

0, g(2)
s (0) > 1.

(S52)

In Fig. S5, we show the analytical and numerical solutions of the photon-pair population and the equal time second-

order autocorrelation g
(2)
s (0) as a function of the effective pump power ξ

√
P without considering the photon blockade.

The duration of pump laser is represented by τp and is fixed at κsτp = π/40. Fig. S5(a) shows the numerical solutions
of photon-pair populations Pns,ni using the master equation. The analytical solutions in Fig. S5(b-e) use Eq. (S40),
and the analytical solutions in Fig. S5(f) use Eq. (S51). We can find that in the low Fock states, the analytical and
numerical solutions agree very well [see Fig. S5(b,c)]. The probability of single-photon pair has a maximum value of

about 0.25 at ξ
√
P/κs = 11. This spontaneous nature of the pair generation fundamentally limits the improvement

of single-photon yield. When the Fock states are high, some deviations occur between the analytical and numerical
solutions at high pump power [see Fig. S5(d,e)]. This is because the influence of the truncated space of photon number
in our simulation calculation. When the pump power becomes larger, the excitation of multi-photon states increase
gradually. Due to the limitation of truncated photon number space N0, the effect of higher states is neglected, i.e.,
O(N)(N > N0). Therefore, the simulated value is slightly less than the theoretical value.

In our numerical simulation, the limitation of the truncated space of photon number also leads to the separation

of the numerical and analytical solutions at high pump power for the second-order autocorrelation function g
(2)
s (0)

[see Fig. S5(f)]. The analytical value is slightly larger than the numerical simulation value at high pump power

due to the influence of the high Fock states we neglected. For example, g
(2)
s (0) = 1.22 for the numerical solution

and g
(2)
s (0) = 1.68 for the analytical solution at ξ

√
P/κs = 20. In the case of high pump power, the second-order

autocorrelation function is already larger than unity, the photon state is no longer a single photon. This is beyond
the topic of this paper. Considering the cost and time of calculation, we do not continue to truncate the space of
higher photon numbers to get better coincidence between the numerical and analytical solutions.
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B. The Purity-Yield Limitation

In conventional HSPSs, there is a limitation between improving the yield and keeping the purity of single photons
[12]. Improving the single-photon yield by increasing the pump laser power inevitably results in the decrease of the
purity of single photons. We measure this limitation by multiplying the yield Y and purity Π of single photons, and
obtain

Y ∗Π =


tanh2(ξ

√
Pt)

(
1− tanh2(ξ

√
Pt)
)

cosh2(ξ
√
Pt)

, g(2)
s (0) ≤ 1,

0, g(2)
s (0) > 1.

(S53)

Approximately to the first order, we have Y ∗Π = (ξ
√
Pt)2[1− 2(ξ

√
Pt)2]. For a small ξ

√
Pt, we can find that Y ∗Π

has a maximum value. This suggests that there is a limitation to the improvement of purity and yield for conventional
HSPSs.

In Fig. S6, we show the purity-yield product Y ∗Π of single photons in non-blockade case as a function of the pump

laser power ξ
√
P . The analytical and the numerical solutions agree very well. When ξ

√
P/κs > 11, g

(2)
s (0) > 1, thus

the value of Y ∗ Π is equal to zero. From the Fig. S6, as we expected, the product of the yield and the purity has a
maximum value about 0.09 at ξ

√
P/κs = 6.4. Therefore, there is an upper limitation between improving the yield

and keeping the purity of single photons in the non-blockade case. Our scheme can break through this purity-yield
limitation via photon blockade, which has been discussed in the main text.

FIG. S6. The product of the yield Y and the purity Π of single photons versus the effective pump power ξ
√
P without the

photon blockade. Here, the duration of pulse has been fixed at κsτp = π/40. Other parameters are κs = κi = 1.

IV. THE INFLUENCE OF NON-PAIRED PHOTON STATES

In this section, we discuss the influence of non-paired photon states, i.e., |ns, ni〉 with ns 6= ni. Theoretically, in
SPDC process, the signal and idler modes are always generated in pairs, as can be seen from the Hamiltonian Eq. (S1).
However, there is a very small probability that some of the non-photon-pair states can be excited. In Fig. S7(a), we

show the population of different non-photon-pair states as a function of the pump power ξ
√
P/κs at the PPI strength

η/κs = 80. Similar to the photon-pair states, we can find that the excitation of non-photon-pair states also increase
with the increase of pump power. However, the probability of excitation for non-photon-pair states is very small and
mainly concentrated on the single-photon state, i.e., pn1 or p1m. For example, for p01, its proportion is much less
than 3.5% at ξ

√
P/κs = 20. This is because the strong PPI suppress the excitation of multi-photon states.

For the effect of the non-photon-pair states, we are more concerned with the total contribution
∑
n 6=m

Pnm, which is

shown in Fig. S7(b). We can find that the total non-photon-pair states excitation decreases with the increase of the
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FIG. S7. (a) Population of non-photon-pair states, i.e., |ns, ni〉 (ns 6= ns), versus the effective pump power ξ
√
P/κs. Here we

take the PPI strength η/κs = 80. (b) The total population contribution of non-photon-pair states as a function of the effective

pump power ξ
√
P/κs with different PPI strength. The solid red curve and the dashed blue curve completely overlap. Other

parameters are κs = κi = 1 and γ0 = 0.5κs.

FIG. S8. Population of Fock state |1, 1〉 (a) and the second-order autocorrelation g
(2)
s (b) versus the pump power ξ

√
P/γ0 with

different decay rates of signal-idler mode. Here, for convenience, we take the decay rate of atoms γ0 as the scaling rate. Other
parameters are κs = κi and η/κs = 80.

PPI strength, see the dash-dotted green curve for η/κs = 5 and the red solid curve for η/κs = 80. When η/κs = 80,

the total contribution of the non-photon-pair states is small, less than about 7% at ξ
√
P/κs = 20. For a larger PPI

strength, since the suppression of multi-photon states is saturated and the contribution of total non-photon-pair states
mainly comes from single-photon states, the proportion of total non-photon-pair states remains unchanged, see the
dotted blue curve in Fig. S7(b).

In general, in the case of fixed pump pulse duration, the single-photon yield is improved very slowly in the later
stage with higher pump power and PPI strength due to the existence of non-photon-pair states. An improved method
is the π-pulse excitation mentioned below, which can pump the nonlinear crystal more efficiently to produce the
single-photon-pair state.
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V. THE INFLUENCE OF THE CAVITY DECAY

Here, we discuss the effect of the decay rate of cavity modes on the yield and purity of single photons in our system.
For the sake of simplicity, we study the influence of cavity modes decay rate changes relative to the atomic attenuation
rate, that is, take the decay rate of atoms as normalization. At the same time, we assume that the decay rate of the
signal mode is equal to that of the idler mode, i.e., κs = κi.

The Fig. S8(a) and (b) show the population of Fock state |1, 1〉, i.e., P11 and the equal time second-order auto-

correlation g
(2)
s (0) as a function of the pump power ξ

√
P/γ0 with different decay rates of cavity modes, respectively.

With the increase of the decay rate of the cavity modes, the yield of single photon decreases, but the purity improves.
For example, when κs = κi = γ0 and η/κs = 80, the single-photon yield is 82% and the purity can reach ∼ 90% at

ξ
√
P/γ0 = 19, see Fig. S8(a). When the decay rate of cavity modes increases to 5γ0 and 10γ0, the yield of single

photon decreases to 68% and 51%, respectively, while the purity can increase to 99.4% and 99.9%. We can understand
this in terms of multi-photon-pair excitation and decay. When the decay rate of cavity modes increases, the photon-
pair states decay to the vacuum state, thus the single-photon yield decreases. Compared with the single-photon-pair
state, the multi-photon-pair states decay faster, so the purity of single photon will be improved. In our system, the
effect of the cavity modes attenuation can be used as another regulatory parameter to balance the yield and purity
of single photons.

VI. π-PULSE EXCITATION

FIG. S9. Population of Fock states |ns, ni〉 and the equal time second-order autocorrelation g
(2)
s (0) in π-pulse excitation. (a)

The evolution of population of photon-pair states over time. Here η/κs = 200 and ξ
√
P/κs = 15. (b,e) Population of Fock

state |1.1〉, i.e., the probability of single-photon pair P11, and the second-order autocorrelation g
(2)
s versus effective pump power

ξ
√
P and the PPI strength η. (c,d,f) Population of Fock states |ns, ni〉 and second-order autocorrelation g

(2)
s as a function of

effective pump power ξ
√
P , where (c) and (d) correspond to non-blockade and blockade cases, respectively. (f) g

(2)
s versus the

pump power under different nonlinearities. Other parameters are κs = κi = 1.

In this section, we discuss the impact of π-pulse excitation in more details. Considering a strong PPI in our system,
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high Fock states of photon pairs are suppressed. Therefore, it can be approximately regarded as only vacuum and
single-photon pair states in the cavity. Figure S9(a) shows the evolution of the photon pairs of the system over time.
It can be found that the time for the system to achieve a complete Rabi-like oscillation between the single-photon
pair state |1, 1〉 and the vacuum state is 2π. This proves that our approximation is very valid.

Similar to the main text, we present a two-dimensional diagram of the single-photon pair state excited by the π-pulse
excitation with the pump laser power and PPI strength in Fig. S9(b). In the range of η/κs ≥ 500 and ξ

√
P/κs > 40,

i.e., the black dashed curve, the single-photon yield can be very high, more than 95%. For a larger pump power and
PPI strength, the yield can be higher than 98%, see the solid red curve. We can find that π-pulse excitation can
further improve the yield of single photon compared to a fixed-duration pump pulse. Note that when the pump power
is small, the blockade effect has less influence on the single-photon yield, even if the PPI is strong, as shown on the
left side of Fig. S9(b). This is due to the limitation of the excitation of signal photons in the cavity. At low pump
power, although the excitation of high Fock states of photon pairs is suppressed, their proportion is very low. On the
contrary, at low pump power, the proportion of vacuum states is very high. Therefore the influence of the blockade
effect on the yield of single photon is easy to reach saturation. This also happens in the case of fixed pump laser pulse
duration, see Fig. 2(a) in the main text.

The dependence of the probabilities of photon pairs on the pump laser power with and without considering the
PPI in the case of π-pulse excitation is shown in Fig. S9(c),(d). According to Eq. (S40), the probabilities of different
photon-pair states in the absence of photon blockade should be constant. However, we note that these probabilities
have a process of increasing form zero when the pump laser power is small, as shown in Fig. S9(c). This is because
there is a competition between the pump power and dissipation of the noise photons we considered. As the pump
power increases to a certain extent, the effect of photon dissipation can be neglected, thus the probability of each
photon-pair states tends to be stable as we calculated. With the photon blockade, the single-photon yield increases
faster than the case of a fixed pump laser duration when the pump laser power is small, see Fig. S9(d).

The equal time second-order autocorrelation g
(2)
s (0) is shown as a function of the PPI strength and the pump power

in Fig. S9(e). We can obtain a high purity, Π > 99%, when η is large enough, indicated by the white solid curve.
Therefore, the purity of single photon is significantly improved compared with that of the fixed-duration pump pulse.

It is worth noting that, since it is π-pulse excitation, i.e., 2ξ
√
Pτp = π, g

(2)
s (0) should not change with the pump

power according to Eq. (S51). However, the statistic of the photon states shows an anti-bunching situation at a small

power, i.e., g
(2)
s (0) < 1, see the dash-dotted blue curve in Fig. S9(f). This is also due to the fact that we considered

the case of noise photons. Once the pump power reaches a certain level, the dissipation of photons can be neglected,

and g
(2)
s (0) gradually becomes constant. According the Eq. (S51), we can calculate that g

(2)
s (0) is 1.68. However,

limited by the truncated space of photon number during simulation, our numerical result is 1.22, which is slightly less
than the calculated value.

In general, when we consider a π-pulse excitation, the single-photon pair state |1, 1〉 can be completely populated
from the vacuum state and reach the maximum value. Therefore, π-pulse can excite the single-photon pair state more
efficiently than the case of a fixed pump pulse duration. At the same time, the purity of single photon remains high
due to the photon blockade effect.

VII. QUANTUM TRAJECTORY SIMULATION OF THE OUTPUT PHOTONS

According to the cavity quantum electrodynamics theory, photons in the cavity interact with the environment
mainly through two channels. One is the internal losses of the cavity, and the photons dissipate into the environment.
The other is the external decay of the cavity, in which photons are transmitted out of the cavity through a specific
cavity mirror and be detected by the photon detector. The time for photons to decay outside the cavity depends on the
external decay rate of the cavity. Quantum trajectory (QT) provides an effective method for describing the statistical
state of photons attenuated outside the cavity. Such photon statistical states are very complicated to describe by the
master equation (ME) [13]. Before starting to study our system, we first test two simple cases: the outgoing photons
initially prepared in an ideal single-mode cavity and an ideal dual-mode cavity. Then we apply QT approach to our
system.

A. The outgoing photons from an ideal single-mode cavity

To test the QT approach, we consider a single-mode optical cavity in which the photons can escape through a
specific cavity mirror. According to the QT theory, if a photon escapes from the cavity within a time interval δt, the
states of the system will undergo a jump. δt must be small enough so that at most one jump can occur within the
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FIG. S10. Simulation of the output photons in a single-mode resonator via QT approach, where the initial state of the cavity
is set as |ψ〉 = |2〉. (a) The average number of photons in the cavity varies with time after averaging 10000 QTs. (b) Photons
escaping from the cavity through different channels, where the blue dots, i.e., the channel 1, are for the external decay channels
and the red dots are for the internal decay channels.

time interval δt, that is, at most only one photon is emitted. We assume that there is a photon detector outside the
cavity that has the ability to tell whether or not a photon has been emitted. Therefore, in each QT simulation, the
number of jumps of the system state corresponds to the number of photons detected by the out-of-cavity detector
[14].

We first use the QT approach to study the relationship between the number of photons decayed in each channel and
the decay rates. We assume that the initial state of the cavity is |ψ〉 = |2〉 and the internal decay rate of the cavity
is κin = 0.044 and the external decay rate is κex = 0.956, which is consistent with the experimental implementation
part in the main text. Using the open-source package QuTip [15], we performed 10000 simulations of the QTs of
photons in the cavity. The average results show the change in the number of photons in the cavity over time [see
Fig. S10(a)]. Fig. S10(b) visualizes the jumps of photonic states through different channels in each QT simulation.
The small blue circles indicate that photons enter the photon detector through the external decay of the cavity, and
the small red circles indicate that photons are dissipated into the environment through the internal losses of the cavity.
The results show that under 10000 QTs, the proportion of photons entering the photon detector through the external
decay channel of the cavity is 95.595%, and the proportion of photons attenuated internally is 4.405%. Therefore, the
probability of photons escaped from the cavity is proportional to the external decay ratio of the cavity. The escape
efficiency can be defined as

ηesp =
κex

κex + κin
, (S54)

where, κex and κin correspond to the external and internal losses of the cavity, respectively. Below, we assume that
the photons in the cavity have a perfect escape efficiency, that is, the internal losses of the cavity is neglected (the
issue of escape efficiency is discussed in the main text).

Then we investigated the statistical properties of the output photons. We assume that the initial state of the
single-mode resonator is |ψ〉 = (|0〉+ |1〉+ |2〉)/

√
3, where the numbers in ket correspond to the n−photon Fock state.

We take the external decay rate of the cavity κ = κex as a normalization. From the Fig. S11(d), we can find that
in the period of κt = 6, the photons in the cavity are completely emitted. For a single QT, if the photon states in
the cavity do not jump , it means that the detector will not detect the photons, which correspond to the situation
in Fig. S11(a); if the detector detects a photon, it means that the photon states in the cavity have occurred one
jump, corresponding to Fig. S11(b); if two photons are detected, the photon states in the cavity has two jumps, which
corresponds to Fig. S11(c).

When we make 10000 similar QTs and count the number of jumps in each QT, we can determine the statistical
properties of the photons detected by the photon detector, that is, the statistical properties of the output photons
state. The results show that, after 10000 simulations, the probability of detecting one photon is 33.64%, two photons
is 33.18% and no photon is 33.18% in the time period of κt = 6. Taking into account the limitation of the number
of QT simulations, the statistical properties of photons detected by the detector in the κt = 6 period are consistent
with the initial photon state statistics in the cavity.
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FIG. S11. Simulation of the output photons in a single-mode resonator, where the horizontal coordinate represents the photonic
decay time in the cavity and the ordinate represents the average number of photons in the cavity. (a),(b) and (c) correspond
to a single QT result with zero, one and two quantum jumps, respectively; (d), averages of 10000 similar QTs.

B. The outgoing photons from an ideal dual-mode cavity

To test the validity of the QT approach in a dual-mode cavity, we consider the case of the dual-mode resonator
and assume that both two modes have the same decay rate κ. We assume that the initial state of the dual-mode
resonator is |ψ〉 = (|0s0i〉+ |1s1i〉+ |2s2i〉)/

√
3, where the subscripts represent the two resonant modes of signal and

idler photons respectively. The results are shown in Fig. S12. As can be seen from the Fig. S12(a), the signal and
idler photons completely decay out from the cavity in the attenuation time period of κt = 6. Since the initial signal
and idler photons are paired, their decay curves overlap. Fig. S12(b) visualizes the jump of photonic states in the
cavity after running 10000 QT simulations, where the small blue circles represent the jumps of signal photons, i.e.,
the cavity emits a signal photon, while the small red circles indicate the idler photon jumps and the cavity emits an
idler photon. We assume that the detector can distinguish between signal and idler photons. For each QT simulation,
if both the intra-cavity signal and idler photons have one jump, the detector can detect a single-photon pair during
the decay time period; if the signal and idler photons jump twice, the detector can detect a two-photon pair; if there
is no jump, the photons won’t be detected by the detector.

Similar to single-mode cavity calculation, for 10000 QT simulations, the statistical properties of the output photons
can be obtained by counting the number of photon jumps in the cavity. The results show that, after 10000 simulations,
the probability of detecting single-photon pair is 33.11% in the decay time period of κt = 6, two-photon pair is 33.69%,
and zero-photon is 33.20%. The statistics of the output photons are consistent with those of the initial photons in
the cavity. This is reasonable because we have neglected the internal losses of the cavity.

C. The output photons from our cavity-enhanced SPDC system

Now we return to the system discussed in our main text, we use the QT approach to simulate the output photons.
Figure S13 shows the population of single-photon pair in the cavity varies with different pump powers when the pump
laser is switched off. It can be found that the results of the ME are consistent with the QT approach for both the
fixed-duration pulse excitation and π-pulse excitation.

We set the whole detection period of the detectors to κst = 6. This period is long enough so that the single photon
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FIG. S12. Simulation of the output photons in a dual-mode resonator via QT approach. (a) The average photon number in the
cavity varies with the decay time, in which the solid blue and the dotted yellow curves represent the signal and idler photons
respectively. (b) showing which times and operators (blue for signal photons and red for idler photons) are responsible for the
jump of states in the cavity in 10000 QT simulations

FIG. S13. Population of Fock states |1, 1〉, i.e., the probability of single-photon pair, versus the pump laser power ξ
√
P , where

the solid curves are calculated by the ME method, and the dashed curves are calculated by the QT method. (a) is for the case
with a fixed duration κsτp = π/40, (b) is for the case with π−pulse excitation.

generated in the cavity can completely escape and can also separate from the subsequent photon pulse. The pump and
control pulses are shown in Fig. S14(a). When the pump and control pulses are switched off, the photons prepared in
the cavity decay out through the cavity mirror M2 and is measured by the detector. In real operation, the control
laser can be constantly applied to Rb atoms to avoid temporal synchronization of pulses. We choose the pump pulse
with fixed duration κsτp = π/40 as an example, and take the pump power ξ

√
P/κs = 18. It can be found that the

signal photons and the idler photons in the cavity completely escaped from the cavity within κst = 6 [see Fig. S14(b)
for η/κs = 80 and Fig. S14(c) for η/κs = 200]. Since the duration of the pump pulse is very small compared to the
time period of decay, the probability of photon escaping during the pumping stage is negligible. This can be seen
from the simulation results that the probability of n-photon pairs measured by the detectors is in consistence with
that in the cavity. The results of the QT simulations are shown in the main text, see Fig. 2(b), Fig. 3(b) and Fig. 4.
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FIG. S14. QT simulation of our cavity-enhanced HSPS for η/κs = 80 and η/κs = 200. (a) Control pulse and pump pulse
settings. (b) The average number of photons in the cavity varies with time. It can be seen that the photons completely escape
from the cavity at the time period of κst = 6.
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